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A COMPUTER PROGRAM FOR CALCULATING VELOCITIES AND STREAMLINES FOR 
TWO-DIMENSIONAL, INCOMPRESSIBLE FLOW I N  AXIAL BLADE ROWS 
by Theodore Katsanis 
Lewis Research Center  
SUMMARY 
A FORTRAN computer program was  written that gives the solution of the two- 
dimensional, incompressible, ideal flow problem for an infinite cascade of blades, o r  
equivalently, a two-dimensional, circular cascade of constant radius, as in an axial-flow 
turbine. The computer program requires only the basic cascade geometry as input. The 
output includes streamline coordinates, velocity magnitude and direction throughout the 
passage, and the blade-surface velocities. The method is based on the stream function, 
with the solution of the simultaneous, linear finite-difference equations being obtained 
iteratively by using successive overrelaxation, with an estimated optimum overrelaxation 
factor. 
This report includes the FORTRAN computer program that was developed, with a 
complete explanation of the equations involved, the method of solution, and the calcula- 
tion of the velocities. A sample problem has been included to illustrate the use of the 
program, and to show the results that can be obtained. The program results a r e  in good 
agreement with experimental results at low Mach numbers. It is concluded that reason- 
able results can be obtained i f  there is little variation in density. 
INTRO D UC T ION 
In the design of blade rows for turbines or compressors, it is desirable to obtain the 
velocity distribution through the passage and particularly over the blade surfaces. The 
trend to highly loaded blading results in more widely spaced blades with less  of the pas- 
sage being within a guided channel between the blades. Methods a r e  available at present 
for  obtaining the velocity distribution within a guided channel; however, new techniques 
must be developed to extend the solution to the unguided portion of the passage. 
For a compressible flow problem, this solution is difficult to obtain analytically. 
However, a useful f i rs t  approximation can be obtained based on the assumption of two- 
dimensional, incompressible, ideal flow for an infinite cascade of airfoils. Even though 
the actual velocities may not be accurate, large local variations in velocities will be evi- 
dent. In addition, an approximation to the actual stagnation streamline location can be 
obtained, which is useful in obtaining solutions based on guided channel flow. 
The two-dimensional, incompressible flow problem can be solved by finite-difference 
methods using the stream function, as discussed in references 1 to 4. However, the pro- 
cess of setting up the equations is extremely tedious, and the solution of a large number 
of simultaneous, linear equations requires the use of a high-speed computer. It appears 
a t  the present time that there is no generally available program which would automatically 
set  up the equations and solve them. 
that requires only the basic geometry of the cascade plus upstream and downstream flow 
angles as input. This program obtains a numerical solution for the entire passage based 
on the assumption of two-dimensional, incompressible, ideal flow. Specifically, accu- 
racy is limited to cases with small changes in density. The output includes streamline 
coordinates, velocity magnitude and direction throughout the passage, and blade-surface 
velocities. This report includes the FORTRAN computer program that was developed, 
with a complete explanation of the equations involved, the method of solution, and the 
calculation of the velocities. A stator blade of low solidity has been analyzed to illuus- 
trate the use of the program, and these results are compared with experimental results. 
This report is organized so that the engineer desiring to use this program needs to read 
only the sections MATHEMATICAL ANALYSIS, NUMERICAL EXAMPLE AND COMPARI- 
SON WITH EXPERIMENTAL RESULTS, and DESCRIPTION O F  INPUT AND OUTPUT. If 
a programmer is used to assist  in the use 'of the program, all necessary information of 
interest to the programmer is contained in the sections DESCRIPTION O F  INPUT AND 
OUTPUT and PROGRAM PROCEDURE. 
For these reasons, a computer program for axial-flow blade rows has been written 
SYMBOLS 
A coefficient matrix (eq. (A6)) 
ao, al ,  a2, coefficients in equation (Al )  
B matrix A - I 
Ac 
a3' a4 




I S  
Au 
V 
I W  
, 










spacing between adjacent points (eq. (Al) ,  see also fig. 13) 
identity matrix 
coefficient matrix of equation (A7) 
number of unknown mesh points 
tangential blade spacing (fig. 2) 
thickness of stream channel 
stream function 
mth iterate of u, - = 
change in stream function value corresponding to Ac 
normalized fluid velocity (fig. 1) 
actual fluid velocity 
weight flow through stream channel 
weight flow through portion of stream channel defined by Ac 
coordinate in tangential direction (fig. 1) 
coordinate in axial direction (fig. 1) 
outer norm-al tc! region 
density of fluid 
spectral radius of matrix 
angle of flow, measured from axial 
overrelaxation factor (eq. (A7)) 
3 
Subscripts : 
i dummy variable 
in inlet o r  upstream 
j dummy variable 




T transpose of vector or matrix , 
component in tangential direction (fig. 1) 
component in  axial direction (fig. 1) 
MATHEMATICAL ANALYSl S I 
It is desired to determine the flow distribution through a cascade of blades. The 
case considered here is a circular cascade of axial blades, such as an axial-flow turbine 
or compressor. It is assumed that there is no change in radius in the stream sheet, and 
that the radial spacing between stream sheets is constant. These assumptions make it 
possible to treat the flow the same as if  the cascade were a two-dimensional, straight, 
infinite cascade (fig. 1). The flow is assumed to be steady, incompressible, nonviscous, 
irrotational, and isentropic. For the solution, a finite region is considered, as indicated 
in figure 2, with the condition that the flow along AB is the same as along HG, and the 
flow along CD is the same as along FE. Also, it is assumed that AH is sufficiently far 
upstream so that the flow is uniform along this boundary, and that the flow angle is known. 
Similarly, it is assumed that the flow is 
uniform along DE, and that the flow angle 
is known. For an actual blade row, 




Q of experimentally determined rules. 
Specifying eout along DE is mathemat- 
ically equivalent to specifying the location 
of the stagnation point on the trailing edge 
of the blade. 
For the mathematical solution of the 
problem, the s t ream function is used. 
The assumptions that the fluid is i r rota-  
tional, incompressible, and ideal, lead 
to the equation 
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Figure 1. - Two-dimensional inf ini te cascade. 
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Figure 2. - Finite flow region. 
Equation (1) has a unique solution satisfying the boundary conditions implied by the physi- 
cal conditions mentioned in the preceding paragraph. 
For a normalized flow of 1 unit of volume per unit of time, with a unit thickness of stream 
channel, the normalized velocity components are given by 
The stream function is defined to be equal to zero along BC and equal to 1 along GF. 
All velocities obtained are normalized velocities. 
Since equation (1) is elliptic, boundary conditions for the stream function on the en- 
tire boundary ABCDEFGH a r e  required. Along BC, u = 0; along FG, u = 1. Along AB, 
GH, CD, and EF,  a periodic condition exists; that is, the value of u along HG and FE is 
exactly 1 greater than it is along AB and CD. Along AH and DE, &/aq is known, where 
q is in the direction of the outer normal. It can be seen that Vz = au/ax = [u(H) - u(A)]/s 
= l/s along AH and DE. Since Vx/Vz = tan 8 ,  where 8 is the flow angle, it can be used 




These are the required boundary conditions to determine a solution to equation (1). After 
computing a numerical solution to equation (1) in a given flow region, the velocity at any 
point can be computed from equation (2) by using numerical differentiation. The stream- 
lines are located by the contours of equal stream-function values. The method used for 
the numerical solution of equation (1) is described in appendixes A and B. 
the thickness of the stream channel t, and the corresponding weight flow w, flowing in 
the stream channel. The normalized velocity V, between two closely spaced streamlines, 
with space Ac, is given by V = Au/Ac. The actual velocity is given by W = Aw/@t Ac). 
Since Au = Aw/w, the actual velocity can be written as 
To obtain an actual velocity W, three more quantities must be known, the density p ,  
W w =-v 
Pt 
(4) 






















Figure 3. - Mesh used for numerical example. Numbers are  mesh point indexes ( I  in program). There a re  840 unknown mesh points. 
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TABLE I. - INPUT FORM WITH DATA FOR NUMERICAL EXAMPLE 
[Top row of numbers are card column numbers. ] 
1 10 11 20 21 30 
PITCH CHORD STGR 
1.6336 1.679 -1.451 
31 40 41 50 51 60 61 70 71 80 
0. -67. . 0001 THETA1 THETA0 DTLR 
1 10 111 201 21 30 
R I  I mu1 I ALL1 
.15 128.3 1-14.2 
31 40 41 50 51 60 
RO ALUO ALL0 




1 10111 20 I 21 30131 40 141 50 I51 60161 7 01 --" -__ .-- . _. 
6 10 11 15 16 20 21 25 26 30 31 35 
MXBO MX NBBI NUSP NLSP NINT 
32 46 20 7 6 5 
m r u  A K I ~ A Y -  I I I I I 
I .230 1.200 1-.069 I - .  605 1-.962 
1 10 Ill 20 
ZU ARRAY- 
I .3376 
21 30 31 40 41 50 51 60 61 70 
.6752 1.0128 1.3504 1.5192 
1 101 11 20 21 30 31 40 
ZL ARRAY- 
I .3376 .6752 1.0128 
1 516 10111 15116 20121 25126 30131 35136 40141 45 
BLDATA INULAKI 1 ERPRT I STRFN I SLCRD I SLPLT I ARPRT I INTVEL I SURVEL 
I I 
41 50 I51 60 
I 
1.3504 
1 101 11 20 21 30 31 40 41 50 
XSPL ARRAY- 






11 20 21 30 31 40 41 50 
WR TOLER BDA BDD 
.00001 .000001 0. 2. 
TABLE 11. - STREAMLINE COORDINATES 
1 
z-coordinate  
- 1.3 827059  
































I .  8 7652% 
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2.1728235 
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2.9629410 
3.0617057 






























































































0.2 82 81 71 
1.2610173 
0 -2828  164 
1.26l0173 
0.2 8 2 9 7 0 7  
1.2608900 
0.2833027 























0 -  14255 75 
0.8737967 
















- 0.3 89692 I E -0 I 
0.486 346 I 
-0.1666834 
0 .39600  13 




- 0 . 6 6 4 7 8 6 1  
0.4 376 124E -01 
-0.8688387 
-0.1015228 
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I .  zoooooo 
i.8nooooo 
I .  2000000 
I .  8000000 
I .4000000 
I .9999999 




















I .  5 890793 
0.6091 I 3 3  
I .  58924 I 9  




0.6 IO 24 14 
I .59043 IO 
0.6 109357 
1.5912533 
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0.645654OE-0 
- 0 . 8  184018 
0.1595169 







n. I 25 19.54 
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0.4000000 
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TABLE ID. - SURFACE VELOCITIES 
(a) Based on axial components 
~~ 



































































































(b) Based on tangential components 
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Figure 4. - Streamlines for numerical  example 
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NUMERICAL EXAMPLE AND COMPARISON WITH EXPERIMENTAL RESULTS 
A numerical example, based on a stator nozzle mean blade section (ref. 5), is given to 
illustrate the results and conclusions that may be obtained by the use of the program. The 
blade shape is shown in figure 3, and the actual input in table I .  The execution time for 
this example was less than 1 minute. 
The streamlines obtained by the program, shown in figure 4, were plotted from the 
data in table II, which is output from the program. If the incompressible stagnation 
streamlines are assumed to be close to the stagnation streamlines for compressible flow, 
this information is useful in obtaining a compressible flow analysis by other methods. The 
beginning and the end of the guided channel a r e  indicated by A and B in figure 4. 
The surface velocities obtained from the program are given in table III and are plotted 
against axial distance in figure 5. The curve for each blade surface (upper or  lower) is 
plotted from two sets of velocity data, one based on axial velocities alone and blade sur- 
face angle, and the other based on tangential velocities alone and blade surface angle. A 
velocity based on a component nearly normal to a surface cannot be expected to be accur- 
ate, so  that the curve shown favors the velocity based on the component most nearly par- 
allel to the blade surface. For intermediate blade surface angles (e. g., between 30' and 








Figure 5. - Blade surface velocities for numerical  example. 
11 
(a) Upper surface. 
Distance from front stagnation point, in. 
(b) Lower surface. 
Figure 6. - Blade Surface velocity for numerical  example. 
zero at the stagnation points. The zero blade-surface velocity is located at the stagnation 
point, which is an extrapolation from calculated points on the stagnation streamline in fig- 
u re  4. 
In figure 6 the surface velocity data a re  plotted against blade-surface length from the 
front stagnation point. This type of relation gives a most accurate picture of the acceler- 
ation along the surface. Experimental data for this blade section a t  an exit Mach number 
of 0 .33  are also plotted in figure 6. Equation (4) was used to correct the experimental 
data to the normalized velocities shown in figure 6. There is generally good agreement 
with the computed values for this example. 
Contours of equal-velocity magnitudes a re  shown in figure 7 plotted from the output 
data giving the velocities at each mesh point. The diagram of velocity contours shows the 
velocity distribution through the passageway. In this case, the flow is accelerating 
fairly evenly through the passage, as is desired in a stator nozzle. Also, there is a sub- 
stantial variation in velocity across the passage width at the trailing edge of the blade. 
and downstream of the blade. The effect of varying this distance on the blade surface 
velocities was checked. There was no detectable change when the extension was reduced 
to 9 mesh spaces and only a slight change when it was reduced to 4 mesh spaces. 
In this example, the mesh region was extended 14 mesh spaces axially, both upstream 
I .6 
Figure 7. - Normalized velocity contours for numeric :at example. 
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DESCRIPTION OF INPUT AND OUTPUT 
The computer program requires as input sufficient information to describe the blade 
shape accurately, the inlet and outlet angles, the extent of the region to be considered, 
and the mesh size to be used. Also required a r e  values for convergence criteria, an es- 
timate for an overrelaxation factor, i f  available, and data indicating what output is de- 
sired. Output obtained from the program includes streamline locations, velocity magni- 
tude and direction at all interior points, and the blade-surface velocities. 
l 
Input 
Table I (p. 7) shows the input variables required as they a r e  to be punched on the data 
' 
cards. There are two types of input variables, geometric and nongeometric. The geo- 
metric input variables are shown in figure 8. 
The blade shape is defined by specifying the leading- and trailing-edge radii and a 
sufficient number of blade-surface coordinates so that a cubic spline curve through these 
points will specify the blade shape adequately. In addition, the slopes at the end points 
are specified to be tangent to the leading- and trailing-edge radii. A cubic spline curve, 
which is a piecewise cubic polynomial, is a mathematical expression for the shape taken 
PITCH 
STGR(-) -I 0 Spline point 
Figure 8. - Geometric variables required as input. 
14 
by ;in idealized spline passing through the given points. Reference 6 describes spline 
curves and a method for determining the equation of the spline curve. Using this method 
requires few points to specify most blade shapes accurately, usually no more than five or  
six points (and often less), in addition to the two end points. A s  a guide, enough points 
should be specified so that a physical spline passing through these points would accurately 
follow the blade shape. This means that the spline points should be closer where there is 
large curvature and farther apart where there is small curvature. The coordinates of the 
spline points are given with respect to the leading edge of the lower blade, as shown in 
figure 8. The standard sign convention is used for angles, as indicated in figure 8, and 
the blade should be oriented with the concave side down. 
variables on the card starting with BLDATA a r e  used to indicate what output is desired. 
A value of zero for any of these variables will cause the output associated with that varia- 
ble to be omitted. 
ues  of MXBI, MXBO, MX, and NBBI. The mesh spacing must be chosen so that there a r e  
not more than 2500 unknown mesh points. If there a r e  more than 2500 mesh points, there 
will be an e r ro r  return and a print out of the number of mesh points. The nongeometric 
input variables are as follows: 
DTLR 
The card format for the nongeometric variables is shown in table I (p. 7). All the 
The mesh spacing and upstream and downstream regions a r e  determined by the V a l -  
Tolerance for mesh points near boundary mesh points. If a mesh point is 
closer than DTLR to the boundary, the boundary is considered to go through 




M x  
Number of mesh spaces between AH and BG (fig. 3). 
Number of mesh spaces between AH and C F  (fig. 3). 
Total number of mesh spaces in z-direction between AH and DE; maximum of 
100 (fig. 3). 
NBBI 
The variables MXBI, MXBO, and MX specify the mesh region in the z-direction. The di f -  
ference MXBO - MXBI is the number of mesh spaces in the axial chord length. Then the 
values of MXBI and the difference MX - MXBO determine the distance upstream and down- 
s t ream included in the region of the solution. NBBI is the number of mesh spaces desired 
in the x-direction between A and H. All the numbers on this card and on the card begin- 
ning with BLDATA a r e  integers (no decimal point) and must be right adjusted. 
NUSP 
Number of mesh spaces between AB and HG, maximum of 50 (fig. 3). 
Number of spline points including end points that a r e  tangent to leading- and 















Same as NUSP, except for the lower surface (GF) of the blade. 
Number of streamlines desired as output; maximum of 10. 
A value of 1 will result in first and second derivatives at the spline points, 
and also the x-coordinate at each mesh line for each blade surface being 
printed as output; zero will cause this output to be omitted. 
. 
A value of 1 will cause the values of NU and NL? which a re  internal variable 
names, the coefficient array A, the vector K, and also the value of I for 
the adjacent points, 11, I2, 13, and I4 to be printed out; zero will cause 
this output to be omitted. This information is needed only for  debugging. 
- 
A value of 1 will result in printing out the maximum change in the stream 
function for each iteration of the SOR equation (eq. (A7)); zero will cause 
this output to be omitted. 
A value of 1 will result in printing out the value of the stream function at 
each mesh point in the region; zero will cause this output to be omitted. 
A value of 1 will result in printing out the streamline coordinates a t  each 
vertical mesh line; zero will cause this output to be omitted. 
A value of 1 will result in printing out a plot of the streamlines; zero will 
cause this output to be omitted. 
A value of 1 will result in printing out the values of the normalized axial 
velocity components at each mesh point and at each vertical mesh line 
along the blade surfaces, the values of the normalized tangential velocity 
component at each mesh point, and the z-coordinate and tangential veloc- 
ity component at each horizontal mesh line along the blade surfaces; zero 
will cause this output to be omitted. 
A value of 1 will result in printing out the velocity magnitude and the flow 
angle at each mesh point; zero will cause this output to be omitted. 
A value of 1 will result in printing out the z-coordinate, surface velocity, 
and flow angle for each blade surface, based separately on axial velocity 
components and on tangential velocity components; zero will cause this 
output to be omitted. 
A value for  overrelaxation factor o to be used in equation (A7); if W = 0, 
the program will calculate an estimated value for optimum overrelaxation 
factor (see appendixes A and B for discussion). 
A tolerance specified for  the calculation of overrelaxation factor o; a sug- 
gested value is 
16 
. 
TOLER When the maximum absolute value of the change in the stream function is less  
than TOLER, the SOR iteration is considered converged; a suggested value 
is 
BDA Estimated value of the stream function at A (fig. 3). The value zero may be 
I used. 
BDD Estimated value of the stream function at D. The value zero may be used. 
o u t p u t  
An example of the output for  the sample problem is given in table lV. This problem 
is the same as for the numerical example, but with a greatly reduced number of mesh 
Points to reduce the amount of output. The only items that have been changed a r e  
MXBI = 5, MXBO = 10, MX = 15, and NBBI = 5. Each section of the output has been num- 
bered to correspond to the following descriptions. 
after this depends on what is specified to be printed out. 
(1) The first output of the program is a listing of the input data. The output obtained 
(2) This output is the number of unknown mesh points. 
(3) If SLCRD = 1, the streamline coordinates along each vertical mesh line a r e  
printed. The number of streamlines is given by the value of NTNT as input, and there may 
be as many as 10. If SLCRD = 0, this output is omitted. 
(4) If INTVEL = 1, the velocity magnitudes and flow angles will be printed at each un- 
known mesh point, grouped by vertical mesh lines. For each vertical line, the values are 
given starting at the lower boundary and then for increasing values of x. If INTVEL = 0, 
this output wil l  be omitted. 
printed, followed by the surface velocities based on tangential components. If 
SURVEL = 0, this output is omitted. 
The foregoing i tems give the basic output desired. In addition, further detail and in- 
formation useful for debugging are given by the following items. 
(6) If BLDATA = 1 as input, a listing of the spline points for the upper and lcsrrer 
blade surfaces with the first and second derivatives is printed. This is followed by the 
x-coordinates at each vertical mesh line for the upper blade surface and then for the lower 
blade surface. If BLDATA = 0, this output is omitted. 
K ar rays ,  with each corresponding value for IA, I, 11, 12, 13, and 14. If NUTAKI = 0, 
this output is omitted. 
(5) If SURVEL = 1, the surface velocities based on axial velocity components a re  
, 
(7) If NULAKI = 1 as input, the NU and NL arrays a r e  printed, followed by the A and 
(8) If ERPRT = 1 as input, the maximum change of any value of the stream-function 
17 
estimate for each iteration is printed out as a measure of the e r ror .  If ERPRT = 0, this 
output is omitted. 
(9) If STRFN = 1, the stream-function value at each unknown mesh point is printed. 
If STRFN = 0, this output is omitted. 
(10) If SLPLT = 1, there will be a printer plot of the streamline coordinates. Be- 
cause of the limitations of the printer, the plot is not accurate, but will give an idea of 
how the streamlines look and is a check on whether any e r ro r s  have been made in the in- 
put data. If SLPLT = 0, this output is omitted. 
(11) If ARPRT = 1, the axial velocity components (WZ ARRAY) for each unknown 
mesh point will be printed, grouped by vertical mesh lines. This is followed by axial 
velocity components along the upper surface (WZU ARRAY) at each vertical mesh line, 
and then the axial velocity components along the lower surface (WZL ARRAY) at each ver -  
tical mesh line. This is followed by the tangential velocity components (WX ARRAY) for 
each unknown mesh point, grouped by vertical mesh lines. Next is the tangential velocity 
components along the upper surface ( M U )  at each horizontal mesh line, together with the 
corresponding z-coordinate (ZXU) and then the same information along the lower surface 
(ZXL and WXL). If ARPRT = 0, this output will be omitted. 
(12) If an estimate for the overrelaxation parameter o is not supplied, an estimate 
will be calculated by the program, and for each iteration the estimated upper and lower 
bounds for the optimum overrelaxation factor and for p(L1) will be printed out. These 
bounds cannot be expected to converge to the same value in general (within practical time 






TABLE IV. - SAMPLE OUTPUT 
1.6336000 1.6790000 - 1.45 10000 
0.1500000 28.300000 -14.200000 
5 1 0 1 5  5 7 6 5 
-0 0.3376000 0.6752000 
-0 0.2300000 0.2000000 
-0 0.3376000 0.6752000 
-0 1.4305000 1.2626000 
1 1 1 1 1 1 1 1 1  
. o  0.1000000E-04 O~ lOOOOOOE-05 
0 -6 7.000000 0.1000000E-03 
0.3500000E-01 -72.400000 -56.100000 
I. 0128000 1.3504000 1.5192000 -0 
-0.6900000E-01 -0.6050000 -0.9620000 -0 
1.0128000 1.3504000 -0 
0.9745000 0.561 1000 -0 
0 2.0000000 
NO. OF POINTS = 7 
2 X DER I VAT I VE 
0.78886758E-01 0.13207159 0.5 3844462 
0.33760000 0.23000000 0.19945451 
0.67520000 0.20000000 -0.406 84929 
1.01279999 -0.6900000OE-01 -1.22904786 
1.35040000 -0.60500000 -1.83039498 
1.5 192 0000 -0.96200000 -2.62059435 
1.67736167 -1.44041 702 -3.15240154 
NO. OF POINTS = 6 
2 X DER I VAT I VE 
0.11 320388 1.48818319 -0.25303894 
0.33 760000 1.43050000 -0.3 1869122 
0.67520000 1.26260000 -0 -67522165 
1.0 1279999 0.97450000 -1.03255486 
1.35040000 0.56110000 -1.42826733 
1.61 494957 0.16307892 -1.48815751 
INTERPOLATED COORDINATES AN0 SLOPFS COMPUTED BY BLDCRD 
0. -0.84198380E 00 
0.22963849E 00 0.20220982E 00 
0-20145132E 00 -0.39944493E 00 
-0-62404067E-01 -0.12138995E 0 1  
-0.591840956 00 -0.18248280E 01 
-0.14509543E 01 -0.16329249E 0 1  
0.163360OOE 01 -0.73103970E 00 
0.14310719E 01 -0.31678933E 00 
0.12650240E 01 -0.67144369E 00 
0.980060226 00 -0.10267909E 01 
0 -  571350496 00 -0.14190909E 01 
0 -  182554326 00 -0.11903937E 0 1  
INTERPOLATE0 COORDINATES AND SLOPES COMPUTED BY BLDCRD 
NUMBER OF INTERIOR MESH POINTS = 72 





-0.75 12 13 7 7  
-8.61 133859 
1.88 64833 3 
2ND OERIV. 
0.47763922 
-1 -0627856 1 
-1.04936150 
-1 - 0 6 7 5 4 1 4 9  
-1.27672654 
0.82395561 
aSee pp. 17 and 18. 
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WMAX = 2.000000 
WMAX 1.999827 
WHAX = 1.999701 
WMAX * 1.905932 
WMAX = 1.803122 
WMAX = 1.753757 
WMAX 1.737053 
WHAX = 1.724705 
W A X  = 1.715560 
WMAX 1.708773 
WMAX = 1.703722 
WMAX = 1.699950 
WMAX = 1.697124 
WMAX a 1.694999 
WMAX = 1.693396 
WMAX = 1.692184 
W M A X  = 1.691265 
WMAX 9 1.690035 
WMAX = 1.689630 
WMAX 1.689321 
WMAX * 1.689086 
WMAX = 1.688905 
WMAX = 1.688768 
WMAX = 1.688662 
WMAX = 1.688582 
WMAX = 1.688520 
WMAX 1.688473 
WMAX = 1.688437 
WMAX = 1.688409 
WMAX = 1.688388 
WMAX = 1.688372 
WMAX = 1.688359 

















WHIN - 1.040602 
WMlN = 1.116348 
WMIN 3: 1.123316 
WMIN = 1.177113 
WMlN = 1.246356 
WMlN = 1.305510 
WHIN = 1.364390 
WMIN = 1.415331 
WMIN = 1.460738 
WMIN = 1.498849 
WMIN = 1.529223 
WMIN = 1.552430 
WMIN 1.569585 
WMIN = 1.581955 
WMIN = 1.590714 
W I N  = 1.596841 
WMIN = 1.601093 
WMIN = 1.603586 
WMIN = 1.604951 
WMIN - 1.605875 
WMIN = 1.606499 
WMIN = 1.606922 
WMIN = 1.607208 
WMIN = 1.607358 
WMIN = 1.607436 
WMIN = 1.607488 
WMIN = 1.607524 
WMIN = 1.607546 
WMIN = 1.607555 
WMlN = 1.607560 
WMIN = 1.607563 
WMIN = 1.607566 
WMIN = 1.607567 
WMIN = 1.607567 
LMAX = 1.000000 
LMAX = 1.000000 
LMAX = 1.000000 
LMAX = 0.997564 
LMAX = 0.988078 
LMAX = 0.980285 
LMAX = 0.977085 
LMAX = 0.974522 
LMAX = 0.972510 
LHAX = 0.970953 
LMAX = 0.969759 
LMAX = 0.968846 
LMAX = 0.968150 
LMAX = 0.967621 
LMAX = 0.967218 
LHAX = 0.966911 
LMAX = 0.966677 
LMAX = 0.966498 
LMAX = 0.966362 
LMAX = 0.966258 
LMAX = 0.966178 
LMAX = 0.966117 
LMAX = 0.966071 
LMAX = 0.966035 
LMAX = 0.96600R 
LMAX = 0.965987 
LMAX = 0.965971 
LMAX = 0.965959 
LMAX = 0.965950 
LMAX = 0.965942 
LMAX = 0.965937 
LMAX = 0.965933 
LMAX = 0.965929 
LMAX = 0.965927 
L M l N  = 0.149983 
L M I N  * 0.373439 
L M I N  = 0.390908 
L H I N  = 0.511298 
L M I N  = 0.634364 
L M I N  = 0.717010 
L M I N  = 0.782978 
L M I N  = 0.829351 
L M I N  - 0.863713 
L M I N  = 0.888205 
L M l N  = 0.905226 
L M l N  = 0.916882 
L M I N  = 0.924802 
L M I N  = 0.930167 
L M I N  = 0.933798 
L M l N  = 0.936257 
L M I N  = 0.937926 
L M l N  = 0.938890 
L M l N  - 0.939413 
L M l N  = 0.939766 
L M I N  = 0.940003 
L M l N  = 0.940163 
L M l N  = 0.940272 
L M I N  = 0.940328 
L M l N  = 0.940358 
L M I N  = 0.940378 
L M I N  = 0.940391 
LMIN = 0.940399 
L M I N  = 0.940403 
L M I N  = 0.940405 
L M I N  = 0.940406 
L M I N  = 0.940407 
L M I N  = 0.940407 
L M I N  = 0.940407 
aSee pp. 17 and 18. 
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6 0  
6 1  
6 2  






6 9  
70  
7 1  
72  
27 
A ( I v 1 l  
0. 
0 .  
0 .  
0 .  





























































0 .  
0. 
0 .  
0. 
0. 
0 .  
0.23447 
A ( I . 2 )  
0 .  
0. 
0 .  
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0 .  
0. 
0 .  
0.17300 



























































5 n  
59 
66 
6 1  
6 2  
6 3  






7 1  





























































6 2  
6 3  
6 4  
6 5  
6 6  
6 1  
6 8  
6 9  
7 0  
7 1  





































































6 0  
6 1  
6 2  
6 3  
6 4  
6 5  
66 
I 4  K l  I )  
6 0 .  
7 0. 
6 0.  
9 0 .  
10 0 .  
11 -0.25685 
12 0. 
13 0 .  
14 0.  
15 0.25685 
16 -0.25685 
17 0.  




2 1  0. 
22 0 .  
23 0 .  
24 0.25685 
25 0. 










36 0 .  
37 0. 
38 0.52610 
41  0 .  
42 0. 
43  0.63116 
44  0. 
45 0.  
46 0. 
47  0.  
48 0.41960 
49 -0.35764 
50 0.  
51  0. 
52 0. 
53  0. 
54 0.41952 
55 -0.35764 
56 0 .  
57 0.  
58 0.  
59 0.  
6 0  0.41952 
61  -0.35761 
6 2  0 .  
63  0. 
64  0. 
65 2. 
6 6  0.41952 
6 7  -0.35764 
68  0. 
6 9  0. 
70  0. 
7 1  0 .  







aSee pp. 17 and 18. 
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ERROR = 0.20342844 
ERROR = 0.18789074 
ERROR = 0.16283273 
ERROR = 0.10229385 
ERROR = 0.08813190 
ERROR = 0.05828751 
ERROR = 0.04960943 
ERROR = 0.03267638 
ERROR = 0.02435843 
ERROR = 0.01737347 
ERROR = 0.01299492 
ERROR = 0.01289449 
ERHOR = 0.00837459 
ERROR = 0.00653413 
ERROR = 0.00439000 
ERROR = 0.00388455 
ERROR = 0.00276503 
ERROR = 0.00212220 
ERROR = O.OOlY0944 
ERROR = 0.00134461 
ERROR = 0.00113655 
ERROR = 0.00078486 
ERROR = 0.00070114 
ERROR = 0.00052264 
ERROR = 0.00040352 
ERROR = 0.00020567 
ERROR = 0.00023039 
ERROR = 0.00017443 
ERROR = 0.00012948 
ERROR = 0.00011159 
ERROR = 0.00009041 
ERROR = 0.00006004 
ERROR = 0.00004830 
ERROR = 0.00003868 
ERROR = 0.00002921 
ERROR = 0.00002357 
ERROR = 0.00001960 
ERROR = 0.00001372 
ERROR = 0.00001073 
ERROR = 0.00000825 
ERROR = 0.00000640 
ERROR = O.OOM)0500 
ERROR = 0.00000434 
ERROR = 0.00000317 
ERROR = 0.00000226 
ERROR = 0.00000176 
ERROR = 0.00000139 
ERROR = 0.00000113 
ERROR = 0.00000092 
STREAM 
0.02088620 
0 .O 2888 624 













F U N C T I O N  VAL 
0.22850693 
0.22850694 

























1 - 23679052 
1.72294559 
2-20774606 



















I .  64 1043 17 1.842 274 10 
2.12430623 2.32468420 
2.60028176 2.00843446 
3.09 254724 3.29269996 











0-  7450581E-08 
0.3358000 









TABLE IV. - Continued. SAMPLE OUTPUT 














































































































































































TABLE N .  - Continued. SAMPLE OUTPUT 
STREAMLINE PLOTS 
0 .  
1 1 1 
1 1 I 
1 I I 




1 .  
I 
I 










S l R E L M L I N € S  ARE PLOTTED W I T H  X-OIMENSION ACROSS THE PAGE LNO 1 - O I M E N S I O N  DOYN THE PLGE 





TABLE TV. - Continued. SAMPLE OUTPUT 
11 








































0.6 33 000 1 
0.7313856 



























Y X U  
- 1.6 LO3998 






























- 1. 46 804 72 
-1.4446142 

























- 0 -  3441278E-01 
-0.1290473 
-0.2601741 




-1.4425280 - 1 - * + L B O 1 8  












































- I  .440706 I 
-1.3939518 
-0.9064790 
Y X U  L X U  YXU 
1.3765706 -1.5260918 
Y X L  L X L  YXL 
1.5070933 -1  -20861 17 
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V E L O C I T I E S  A T  I N T E R I O R  NESH P O I N T S  
V E L O C I T Y  
0.6081 
V E L O C I T Y  
0.6146 
ANGLE I D E G I  
-0.07 
V E L  oc I T Y 
0.6182 
ANGLE1 O E G l  
0.04 
V E L O C I T Y  
0.6134 
A N G L E I O E G I  
0.18 
T I  A N G L E I O E G I  
0.06 
ANGLE I O E C l  
-0.07 
A N G L E I O E G I  
-0.95 
ANGLE I D E G L  
-1.75 






11- 2 V E L O C I T Y  
0.6001 
ANGLE I DEG I 
0.23 
V E L O C I T Y  
0.6146 
ANGLE I DEG 1 
0.08 
VELOC I T  Y 
0.6182 
A N C L E I O E G I  
-0.05 
V E L O C I T Y  
0.6134 
A N G L E I O E G I  
-0.22 
V E L O C I  T Y  
0.6075 
V E L O C I T Y  
0.601 I 
V E L O C I T Y  
0.5799 
V E L O C I T Y  
l A =  3 V E L O C I T Y  
0.6024 
A N G L E I O E G I  
0.69 
V E L D C I  T I  
0.6187 
A N G L E l O E G l  
1.53 
V E L O C I T Y  
0.6268 
A N C L E I O E G I  
-0.10 
V E L O C I  TY 
0.6154 
ANGLE I O E C I  
-1.11 
I A -  5 V E L O C I T Y  
0.5848 
ANGLE I OEC I 
3-76 
VE LOC I T I  
0.6333 
A N G L E l O E C l  
1.72 
V E L O C I T Y  
0.6553 
A N G L E l D E G l  
-0.77 
V E L O C I  T I  
0.6234 
A N G L E I O E C I  
-3.16 
11- 5 V E L O C I T Y  
0.7095 
ANGLE I D E C l  
A N G L E I D E G I  
A N G L E l O E G l  
A N G L E l D E C l  
A N G L E I O E G I  
A N C L E l O E G l  
15.88 
VE LOC I T I  
0.1376 
A N G L E I D E G I  
-1.64 




V E L O C I T Y  
0.5346 
A N G L E I D E C I  
-13.97 
V E L O C I T Y  I A -  6 V E L O C I T Y  
1.2222 
A N G L E I D E G I  
4.55 
V E L O C I  T I  
0.8920 
A N G L E l D E G l  
-9.81 
V E L  OC I T Y 
0.7411 
ANGLE1 O E G I  
-17.95 
V E L O C I T Y  
0.6540 
A N G L E I D E G I  
-23.55 
I A -  7 V E L O C I T Y  
1.5050 
A N G L E I O E G I  
-20 .62  
V E L O C I T Y  
1.0337 
ANGLE I DE G 1 
-26.61 
V E L O C I T Y  
0.81 75 
A N G L E I O E G I  
-31 .21  
V E L O C I  TY A N G L E I D E G I  V E L O C l  T Y  
I A -  8 V E L O C I T Y  
1.7539 
ANGLE I DEG 1 
-48. 22 
V E L D C I T Y  
1.5627 
A N G L E I D E G I  
-51.08 




V E L O C I T Y  A N G L E I D E C I  V E L O C I T Y  
4 
I A -  9 V E L O C I T Y  
1.6351 
ANGLE I O E G I  
-59.57 
V E L O C I  TY 
1.5256 
ANGLE I D E G I  
-52.50 
V E L O C I T Y  
1.5307 
A N G L E I O E G I  
-52.27 
V E L O C I T Y  ANGLE I D E G I  V E L O C I T Y  
11-10 V E L O C I T Y  
1.58311 
A N G L E l O E G l  
-72.33 
VELOC I TY 
I. 6690 
ANGLE I D E G I  
-68.78 
V E L O C I T Y  
1.6401 
A N G L E I O E G I  
-65.28 
V E L O C I T Y  
1.5628 
A N G L E I O E C I  
-63.21 
VE LOC I T I  
I. 5020 
A N G L E I D E G I  
-65.09 
I A - 1 1  V E L O C I T Y  
1.5329 
1.5566 
ANGLE I O E C  I 
-67.89 
-67.02 
VELOC I TY 
I. 5469 
A N G L E I O E G I  
-60.11 
V E L D C I T Y  
1.5872 
ANGLE1 D E G I  
-67.66 
VEL DC I T Y  
1.5907 
ANGLE I D E G l  
-66.35 
V E L O C I T Y  
1.5665 
A N G L E I D E G I  
-65 .88  
I A - 1 2  V E L O C I T Y  
1.5595 
1.5535 
ANGLE I O E G I  
-67.25 
-66.90 
VELOC I T Y  
1.5649 
ANGLE I O E G I  
-67.39 
V E L  oc I T Y 
1 .5751 
ANGLE I DEGI 
-61 .28  
V E L O C I T Y  
1.5753 
ANCL E I OEG 1 
-66.110 
V E L O C I T Y  
1.5659 
A N G L E I O E G I  
-66.63 
IA - I3  V E L O C I T Y  
1.5638 
1.5657 
A N G L E l O E G l  
-61.06 
-67.00 
V E L O C I  T I  
1.5646 
A N G L E I O E G I  
4 7 . 1 0  
V E L  oc I T  Y 
1.5685 
A N G L E I O E G I  
-67.08 
V E L O C I T Y  
1.5693 
ANGLE I D E G I  
-66.93 
VELOC I T Y 
1.5665 
A N G L E I D E G I  
-66.89 





A N G L E I D E G I  
-67.03 
-67.00 
V E L O C I  T I  
1.5663 
A N G L E I D E G I  
-67.05 
V E L O C I T Y  
1.5671 
A N C L E I O E G I  
-67.03 
V E L O C I T Y  
I .5675 
ANGLE I DE G I 
-66.97 
V E L O C I T Y  
1.5668 
11-15 V E L O C I T Y  
1.5664 
1.5672 
A N G L E I D E G I  
-61.05 
-67.02 
V E L M  I T I  
1.5660 
ANGLE I O E G l  
-67.01 
V E L O C I T Y  
1.5659 
A N G L E I O E G I  
-67.01 
V E L O C I T Y  
1.5b68 
A N G L E I D E G I  
-66.96 
VELOC I T I  
1.5675 
A N G L E I O E C I  
-66.97 
'See pp. 17 and 18 
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SURFACE V E L O C I T I E S  BASEO ON AXIAL COMPONENTS 
UPPER SURFACE LOWER SURF ACE 
z VELOCITY ANGLE I O E G I  wz VELOCITY ANGLEIOEG) WZ 
O.7451E-08 0 90.00 0.5291 0 -90.00 0.3799 
0.3358 1.3576 11.43 1.3307 0.6183 -18.19 0.5894 
0.6716 1.7447 -21.77 1.6202 0.6710 -35.06 0.5570 
1.0074 1.7885 -50.52 1.1371 0.9083 -47.35 0.6337 
1.3432 1.6933 -61.28 0.8137 1.2425 -56.74 0.7157 
1.6790 0 -90.00 0.4454 0 90.00 0.4892 
SURFACE V E L O C I T I E S  BASEO ON TANGENTIAL COMPONENTS 
z 



























w x  
0.82 15E-01 
-1.3077 










aSee pp. 17 and 18. 
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PROGRAM PROCEDURE 
The program is segmented into four main par t s ,  which are the subroutines COEF, 
SOR, SLAXVL, and TASVEL called by the main program 2DINCP. In addition, there  are 
several  other subroutines. All the subroutines and their  relation are depicted in  fig- 
u r e  9. All  information which must be transmitted between the four main subroutines is 
placed in COMMON. The program can handle up to  2500 mesh points on a computer with 
a co re  storage capacity of 32 768. 
The first segment of the program is COEF. This subroutine reads all the input cards ,  
calculates the blade coordinates on mesh lines, and calculates the entr ies  of the matr ix  A 
and the vector k - of equation (A6). The subroutine SOR estimates an  optimum overrelaxa- 
tion parameter  w i f  i t  is not given as input, calculates an initial solution estimate,  and 
finds the solution to equation (A6) by SOR. Then subroutine SLAXVL calculates the 
streamline locations and axial velocity components, and plots the streamline locations. 
Finally, the subroutine TASVEL calculates the tangential velocity components, the veloc- 
ity magnitudes and direction, and the surface velocities based on axial velocities and on 
tangential velocities. 
Conventions Used i n  P r o g r a m  
For  convenience, a number of conventions are used in naming variables and assigning 
subscripts. F i r s t ,  several  pa i r s  of variables are spelled the same  except fo r  one letter, 
which is U in  one case  and L in the other. The U signifies the upper surface BC, and L 
the lower surface CF. Another practice is to u s e  the le t te rs  I and 0 in a s imi la r  man- 
ner,  where I refers to the inlet o r  the region ABGH, and 0 refers to the outlet o r  region 
CDEF. Thus, ALUO refers to the angle on the upper blade surface near the outlet, o r  
near point C (fig. 8 ,  p .  14). 
The variable IA is used as a subscript ,  or index, associated with vertical  mesh lines, 
f rom IA = 1 at AH to IA = MX at DE. Similarly IB is used to number horizontal mesh 
- 
Figure 9. - Logical relation of subroutines. 
28 
lines with IB = 0 along AB. Then IB may be negative along CD. Sometimes IB is used 
along one vertical mesh line at a time from 1 at the first mesh point to the last mesh 
point. The variable I is used to number all the mesh points starting with I = 1 at A and 
proceeding along the vertical mesh lines and moving to the right to the next line after the 
end of each vertical line and ending with I = NXN at the last mesh point near E. The mesh 
spacing in the z-direction is labeled HA, and the spacing in the x-direction is HB. 
The techniques used in the program and correspondence to the mathematical equations 
are described briefly. Each subroutine is described separately, first the four segments 
of the main program, followed by descriptions of each of the remaining subroutines. The 
various segments of the subroutines are labeled by comment cards, which generally cor- 
respond to the headings in the following descriptions. 
Subroutine COEF 
Input. - The first step is to read all input cards for a particular case. A detailed de- 
scription of the input required is given in the section Input. All input data are given as the 
first output. 
needed in the program are calculated. 
and GF at each vertical grid line is calculated by BLDCRD and stored in the arrays XU 
and XL. BLDCRD requires as input the first and second derivative at each spline point 
of the cubic spline curves describing the blade surface. These values are calculated by 
SPLN22. The first and last points of the spline curves are determined by the angle of tan- 
gency to the leading- and trailing-edge radii. Therefore, these points need not be speci- 
fied as input, but are computed by this section of the program. 
Calculation of coefficients. - The coefficients of u - in equations (Al) to (A5), which 
are the terms of matrix A in equation (A6), are computed at the same time as the con- 
Calculation of constants. - After all input has been read in, the various constants 
Calculation of mesh coordinates along boundary. - The x-coordinate of boundaries BC 
. \  
Line IBTE Line IBTEZ 
I 
Figure 10. - Special case near trailing edge, 
stants in these equations, which are the 
components of k - in equation (A6), are 
computed. This computation is per- 
comment cards: (1) upstream, (2) be- 
tween the blades, and (3) downstream. Be- 
tween the blades it is necessary to com- 
pute values for h3 and h4 at some mesh 
points adjacent to the boundary. These 
values are calculated by INTPL. 
tion may arise, as illustrated in figure 10. 
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fcrzlec! in three steps, 2s inrlicated hy 
Near the trailing edge, a special situa- 
Here it should be noted that the blade intersects the mesh line twice between two adjacent 
mesh points due to the small trailing-edge radius. This situation would not be detected by 
the program in the normal procedure, which leads to a large e r ror  in the velocity calcula- 
tion at the next to the last vertical grid line on the lower blade surface. Therefore, a 
special check is made for the two vertical mesh lines involved at statements 113 and 114, 
and i f  this situation occurs, the proper values of H3 or H4 are calculated. Also the num- 
ber of the horizontal mesh line is stored in IBTE2 and IBTE1, so that this fact will be 
used to calculate the tangential velocity components. 
Subroutine SOR 
Estimation of value of optimum overrelaxation factor. - If a value of W 2 1 is given 
as input, it is used for the overrelaxation factor. Otherwise a value is estimated by using 
equation (B3) to estimate the value of p (B) = p(L1) and equation (Bl) to obtain the corre- 
sponding value of W (see appendix B). Equation (A7) is used to calculate u m+l from 




In the program, i is replaced by I directly. For each i, there are only four values Of 
j for which a.. is nonzero, which are the negative values of the coefficients A(1, l), 
1J 
A(I,2), A(I,3), and A(I,4). The value of j is determined by the index of the proper 
neighboring point. These indexes are names 11, 12, 13, and 14, and are defined SO U: 
has the coefficient A(1, l), and similarly for the other coefficients. After the values of 
m+l from um. Then, the 
minimum and maximum values of the ratio u ~ " / u ~  are calculated and given the names 
LMIN and LMAX, respectively. After convergence, the optimum value of the overrelaxa- 
2 tion factor w can be calculated from equation (Bl), since p (B) = LMAX. 
can be reduced by making an intelligent guess at the solution. A simple way to do this is 
to use a linear approximation. As input, estimated values of the stream function at A and 
D are given. It is known that the solution is 1 greater at the points H and E. The stream 
function is known to be zero at B and C,  and 1 a t  F and G. With this knowledge, bilinear 
interpolation can be used on the two rectangles ABGH and CDEF, and linear interpolation 
0 can be used along vertical mesh lines between the blades to define the initial vector u - . 
the indexes are computed, equation (5) is used to compute u - - 
Calculation of initial solution estimate. - The time required to arrive at a solution 
30 
I . Solution of matrix equation by SOR. - With a value of o either as input o r  estimated 
by the program, equation (A7) can be used iteratively to calculate a sequence {um} - that 
will converge rapidly to a solution of equation (A6). The indexes i and j and the corre- 
spondence of a.. and u? to the program variables is the same as described previously 
for estimating the optimum overrelaxation factor. During each iteration the maximum of 
the change of the stream-function value is calculated. When this value is reduced below 
TOLER given as input, the iteration is stopped, and the current estimate of the stream 
function is accepted as the solution. 
9 J 
I Subroutine SLAXVL 
Calculation of streamline locations and axial velocity components. - Along most ver- 
tical mesh lines, the stream function is a one to one function of the distance in the 
x-direction. Therefore, the x-dimension is considered to be a function of the value of the 
stream function, and the value of x at a given value of the stream function can be ob- 
tained by interpolation. The method of interpolating uses a cubic spline curve, and the 
interpolation is performed by subroutine SPLINT. At the same time, au/ax = V, is com- 
puted along the same mesh line, estimating the derivative by use of the cubic spline. This 
calculation at each mesh point is done by SPLINE. The axial velocity at unknown mesh 
points is stored in the array WZ, and the axial velocity along the blade surfaces is stored 
in WZU for the upper surface of the blade and in WZL for the lower surface. These cal- 
culations a r e  performed in three sections, as noted by comment cards: (1) upstream, 
(2) between the blades, and (3) downstream. 
Plotting of streamlines. - The streamlines can be plotted to give a rough idea of their 
locations. These locations a re  particularly helpful in quickly disclosing any e r rors  of in- 
put. The plotting printout is done by PLOTMY, which, with the necessary further sub- 
routine PISTUG, is described completely with FORTRAN 11 listing in references 7 and 8. 
These programs a re  available as SHARE No. SDA 3034. The plotting can be omitted by 
removing statements following statement 420 up to and including statement 470. 
Subroutine TASVEL 
Calculation of tangential velocity components. - The tangential velocity component is 
calculated from au/az = -Vx by considering each horizontal mesh line. The fact that the 
various horizontal mesh lines start and end at various places complicates this process. 
To simplify the procedure, upstream and downstream ends of each mesh line a r e  consid- 
ered separately. At the upstream end, there are three possibilities: (1) the line starts 
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at AH(IA = l), (2) the line starts on lower surface of blade, or  (3) the line starts on the . 
upper surface of the blade. Similarly, at the downstream end there are three possibili- 
ties: (1) the line ends at DE(IA = MX), (2) the line ends on the lower surface, or (3) the 
line ends on the upper surface. For convenience, case numbers are assigned to the vari- 





DE or lower surface 
DE or lower surface 
As mentioned in the description of COEF, a special situation often arises where a 
horizontal mesh line is intersected twice between two adjacent mesh points, as illustrated 
in figure 10 (p. 29). When this occurs, the index of the horizontal mesh line is stored in 
IBTE2 and IBTE1. Under cases 2, 4, or 5, if  IB = IBTE2, the special case arises, and 
previously calculated information is used for this line to the left of the trailing edge. Af- 
ter all other tangential velocities have been calculated, tangential velocities are calcula- 
ted for the remainder of this line (IB = IBTE1) to the right of the trailing edge. 
TASVEL calculates the necessary information about the two end points of each hori- 
zontal mesh line by using INTPL to calculate the mesh spacing at the end points. Then 
VELOC calculates au/az at each point along the line by using SPLINE to calculate the 
actual derivatives. The tangential velocities at unknown mesh points are stored in the 
array WX, and the tangential velocities along the upper surface are stored in WXU, with 
the corresponding z-coordinates stored in ZXU. The corresponding information for the 
lower surface is stored in WXL and ZXL. After all values for velocities are computed, 
the signs a re  changed, since V, = -au/az. The values of WXL and ZXL are rearranged 
in increasing order of ZXL by SORTXY. 
Calculation of velocities and angles at interior points. - At each interior point, the 
velocity magnitude is calculated by V =& + V i ,  and the angle 8 is calculated by 
tan 6 = v,/V,. 
each vertical mesh line is calculated by 
Calculation of surface velocity based on axial components. - The surface velocity at 
-v, 1 +  - v=-- VZ -$(- 
COS e 
The slope dx/dz of the blade surface at each vertical mesh line is computed by BLDCRD, 
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at the same time the blade coordinates XU and XL a r e  computed, and is stored in DXDZU 
and DXDZL for the upper and lower blade surfaces. The surface velocity based on axial 
components is more accurate at small angles from the horizontal and would not be expec- 
ted to be accurate at angles over 60' from the horizontal. 
Calculation of surface velocities based on tangential velocity components. - The sur -  
face velocity at each horizontal mesh lines is calculated by 
The slope dx/dz of the blade surface at each horizontal mesh line is computed by 
BLDDER and is stored in DXDZU and DXDZL. The surface velocity based on tangential 
components is more accurate at large angles from the horizontal and would not be expec- 
ted to be accurate at angles less than 30' from the horizontal. 













a r ray  of coefficients of u which a re  elements of matrix A in equation (A6) 
a r ray  used for temporary storage 
a. in equation (Al) 
temporary storage 
number (integer) of case in calculating tangential velocity components 
change in value of stream function at a particular point when using SOR 
iteration 
increment of stream function for which streamline locations a r e  to be cal- 
culated 
a r r a y  of values of slope of lower blade surface at each vertical mesh line, 
~ i i d  :&T at each iiui-izuniai mesh h e  
same  as DXDZL, but for upper blade surface 
a r r a y  of second derivatives of spline curve at each spline point for lower 
blade surface, calculated by SPLN22 
same  as EML, but for upper blade surface 































hl (see fig. 13 in appendix A) 
% (see fig. 13 in appendix A) 
h3 (see fig. 13 in appendix A) 
h4 (see fig. 13 in appendix A) 
basic mesh space in axial (2) direction 
basic mesh space in blade-to-blade (x) direction 
length of first mesh space along horizontal mesh line 
HAlfor special case shown in figure 10 for line segment to right of trailing 
edge 
length of last mesh space along horizontal mesh line 
HAN for special case shown in figure 10 for line segment to left of trailing 
edge 
distance between EF on boundary and first mesh line below (fig. 3) 
distance between CD on boundary and first mesh line above (fig. 3) 
index of mesh point 
index of mesh point located at 1 in figure 13 with I at 0 
index of mesh point located at  2 in figure 13 with I at 0 
index of mesh point located at  3 in figure 13 with I at 0 
index of mesh point located at  4 in figure 13 with I at 0 
index of mesh line in axial (z) direction 
index of mesh line in blade-to-blade (x) direction 
index of special mesh line shown in figure 10 
index of special mesh line shown in figure 10 
index of first mesh point along horizontal mesh line 
index of last mesh point along horizontal mesh line 
array of indexes of highest mesh point for each vertical mesh line 
index of mesh point indicated in figure 10 




























number of points where horizontal mesh line intersects lower blade sur- 
face 
number of points where horizontal mesh line intersects upper blade sur- 
face 
JU- 1 
array (real) of constants that is vector k - in equation (A6) 
code variables (real) used in determining values of coefficients A(1, J) and 
constants K(1) 
code to specify whether first point of horizontal mesh line is on 
AH(KK1 = 0) or  upper blade surface (KK1 = 0) or  lower blade surface 
(KK1= 1) 
same as KK1, but for last point 
array containing information used in plotting subroutine P LOTMY 
value of I at highest mesh point for given vertical mesh line 
upper bound (real) for p(L1) from equation (B2) 
lower bound (real) for p(L1) from equation (B2) 
MXBI - 1 
MXBI + 1 
MXBO - 1 
MXBO + 1 
number of mesh points along vertical mesh line 
number of mesh lines above mesh line AB for first mesh line below EF 
(may be negative) 
number of mesh lines above mesh line AB for line CD (usually negative, 
unless STGR is positive) 
number of vertical mesh lines in length of blade 
ar ray  of number of mesh points on vertical mesh line above line AB (may 
be negative) 
number of mesh points plus boundary points along vertical mesh line 
array;  on vertical mesh line IA, the mesh point nearest the upper blade 





















array of input information for plotting subroutine PLOTMY 
value of ui 
array of streamline coordinates for input data to the plotting subroutine 
m + l  m 
/ui for use in equations (B2) and (B3) 
PLOTMY 
array of slopes of spline curve at each spline point tor iuwer' blade surface, 
calculated by SPLN22 
same as SLLPE, but for upper blade surface 
code (integer) variable that will cause certain subroutines to write out data 
useful for debugging: 






SPLN22 will write input and output data 
BLDCRD will write out blade coordinates and slopes at each 
INTPL will wr i te  out pertinent data for each iteration 
SPLINT will write input and output data 
SPLINE will write input and output data 
BLDDER will write out z-coordinates and slopes 
mesh line 
tan 0 at unknown mesh points 
tan 0 along lower blade surface 
tan 8 along upper blade surface 
streamline angle 8 at unknown mesh points 
streamline angle 8 along lower blade surface 
streamline angle fl along upper blade surface 
array of estimated values of s t ream function or of eigenvector associated 
with spectral radius of L1 and p(L1),  as estimated by power method 
array of values of stream function for which it is desired to obtain interpo- 
lated values of x-coordinate 
new value of eigenvector estimate a t  single point, as calculated by equa- 
tion (5) (p. 30) 
(au/an)in (eqs. (3) and (A2)) 
(au/an),t (eqs. (3) and (A3)) 
array of values of stream function along vertical  mesh line, including 
boundary points 
array of velocities a t  unknown mesh points 
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array of velocities along lower blade surface 
upper bound for optimum w from equations (Bl) and (B2) 
lower bound for optimum w from equations (Bl) and (B2) 
ar ray  of velocities along upper blade surface 
array of tangential velocity components at unknown mesh points 
array of tangential components of velocities where horizontal mesh lines in- 
tersect lower blade surface 
a r ray  of tangential velocity components where horizontal mesh lines intersect 
upper blade surface 
a r ray  of axial velocity components at unknown mesh points 
array of axial velocity components where vertical mesh lines intersect lower 
blade surface 
array of axial velocity components where vertical mesh lines intersect upper 
blade surface 
value of x for which INTPL is to compute H3 o r  H4 
array of x-coordinates associated with array USP 
ar ray  of interpolated x-coordinates calculated by SPLINT and corresponding 
to a r ray  UINT 
ar ray  of x-coordinates of lower surface of blade at each vertical mesh line 
array of x-coordinates of upper surface of blade at each vertical mesh line 
argument for BLDCRD, not used in main program 
ar ray  of z-coordinates of vertical mesh lines 
a r ray  of z-coordinates of intersections of horizontal mesh lines with lower 
blade surface 
array of z-coordinates of intersections of horizontal mesh lines with upper 
blade surface 
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Program List ing for COEF, SOR, SLAXVL, and TASVEL 
SI RFTC 2D INCP 
10 CALL CDEF(NXN1 









C I A  IS AXIAL INDEX 
C I B  I S  BLADE-TO-BLADE INDEX 
C I I S  OVERALL INDEX 
C HA IS BASIC AXIAL INCREMENT 
C HB IS R A S I C  BLADE-TO-BLADE INCREMENT 
C 
REAL K rK 1 9  K2 K 39 K 4  r K 5 L MA X LM I N 
I N  TEGEH 
COMMON 
SRWrF I R S T r  CASE9 BLDATAr ERPRT * STRFNV SLCRD*SLPLT ARPRTI SURVEL 
SRWpP ITCH*CHDRD* S T G R r  THETA1 r THElAOr DTLRVRI r ALUI  * A L L 1  r 
1 ROr ALUOrALLDrHXB1,MXBOr MXrNBBI rNUSPrNLSPrNINTr  
2 B L D A T A * N U L A K I r € R P R T ~ S T R F N p S L C R D ~  SLPLT, ARPRTr INTVELISURVELI 
3 ZU( 5 0 ) r X S P U ( 5 0 ) r Z L 1 5 0 ) r X S P L ( 5 O ~ ~ W ~ W R ~ T O L E R ~ B D A ~ E D D r  
4 U t  2500 1 9 A 2 500 4 1 9 K 2 5 0 0  1 9 
5 
6 XU( LOO) r X L (  1 0 0 1  *NU( 100) r N L (  100) U I  NT( 11 r X I N T (  11 1 s  
7 
8 
DXDZU( 100 1 9  DXDZL ( 100) r SLUPE 1 50) *EMU (50) r SLLPE (50 r EML ( 50 ) r  
HA 9 HB r NXNr MXB I M 1 r MXROP 1 r JU 
I R T E l r  I BT EZr I TE2rHA 1TE r HANTE 
JL HU r H L r  I D  9 NBBOr NBUD rNCH r 
W Z (  2 5 0 0 )  r W X (  2 5 0 0 )  r V ( 2 5 0 0 )  r T H E T A ( 2 5 0 0 )  rSL( 1100 1 DIMENSION 
DIMENSIOY W Z U ~ 1 0 0 ) r W Z L ~ 1 0 0 ) r W X U ~ l O O ~ ~ W X L ~ l O O ~  r Z X U ( l O O ) r Z X L ( l O O ) r  
1 THETAU( 1 0 0 ~ r T H E T A L ~ 1 0 0 ~ r W U ~ l O O ~ ~ W L ~ l O O ~ ~  
2 U S P ( 1 0 0 ) r Z P L ~ 1 0 0 ) r I U ~ l O O ~ r I L ~ l O O ~ ~ A A A ~ l O O ~  
1 ( A (  l r 4 ) r T H E T A (  l ) ) r ( K ( l S O l ) r S L ( l ) )  




EOUIVALENCE ( A (  11 1 )  r WZ( 1) 1 
( K (  1 ) 9 WZU( 1) ) 9 1 K ( L O 1  1 r WZL 
I A (  1 r 2 )  W X (  1 ) ) r I A (  1 r 3 1 r V (  1 1  ) r 
EOU [VALENCE 1) 1 ( K (  2 0 1  I r WXU ( 1 )  1 s  
( K  60 1 I 
( K ( 9 0 1 ) r W L (  l ) ) r ( K (  1001) r U S P I 1 ) )  r ( K ( 1 1 O l ) r Z P L I l )  ) 9 
( K (  1 2 0 1 i r  I U (  1) ) r I K ( 1 3 0 1 )  r I L (  l ) ) r  ( K I 1 4 0 1 )  r A A A ( 1 )  1 
THETAU( 1) 1 r ( K t 7 0 1  1 r THETAL ( 1) 1 .  t K(BO11 r WU ( 1  1 1 r 
10 WRITE (69999) 
READ ( 5r 1010 1 PITCH*CHORD~ STGR p THE T A I  THETAOr DTLR 
WRITE (61 1020 1 PITCHrCHORDr STGRt THETA I r THETAOr DTLR 
REAO ( 5 1 1 0 1 0 )  RIIALUI * A L L 1  r R D r A L U O r A L L 0  
WRITE(6r 1020) R I r  ALUI  * A L L 1  rROrALUOr ALLD 
READ ( 5 r  1OOO)MXBI rMXBDrHX*NBBI rNUSPrNLSPrNINT 
WR I T E I  6r 1000 1 MXB I r MXBOr M X r  NBBI r NUSP r NL SP, N INT  
READ ( 5 r 1 0 1 0 )  ( Z U ( I A ) r I A = l r N U S P I  
W R I l E ( 6 r 1 0 2 0 )  ( Z U ( I A ) r I A = l r N U S P )  
READ ( 5 r 1 0 1 0 )  ( X S P U ( I A ) r I A = L r N U S P )  
WRITE(6r 1 0 2 0 )  ( X S P U ( I A ) r I A = l r N U S P I  
READ ( 5 r 1 0 1 0 )  l Z L ( I A ) r I A = l r N L S P )  
WRITE(6r  1 0 2 0 )  l Z L ( I A ) r I A = l r N L S P I  
READ ( 5 9  1010) ( X S P L ( I A I r I A = l r N L S P )  
W R I T E ( 6 r 1 0 2 0 1  (XSPL( I A ) r I A = l r N L S P )  
READ ( 5 9  1000) RLDAT4rNULAKI * E R P R T * S T R F N r S L C R D r S L P L T ; A R P R T I  INTVELr 
WRITE( 6 9  1000) BLDATAr NULAKI rERPRT*STRFNrSLCRDr SLPLT~ARPRTI  INTVELr 
1 SURVEL 
1 SURVEL 





WRITE4 6.1020 W~WRITOLERIBDAIBDD 








HA = CHORD/FLOAT(MXBD-MXBI 1 
HB = P ITCH/FLOAT( NBB I 1 
A = ( PITCH+STGR)/HB 
B = STGR/HB 
NBBO = A- 5 IGN ( OTLR r A 1 
I F  I A-LT-DTLR 1 NBBO NBBO-1 
NBUO = &SIGN( DTLRIB 1 
IF( BoLTo-DTLR) NBUO = NEW)-1 
HU = FLOAT(NBUO+l)*HB-STGR 
HL = P ITCH+STGR-FLOAT( NBBO) *HB 
THETA1 = THETAI/57.29577 
THETA0 = THETA0/57.29577 
U N I  = SIN(THETA1 ) /COS(THETAf ) /P ITCH 
UNO = - S I N ( T H E T A O ~ / C O S ~ T H E T A O ) / P I T C H  
A L U I  = ALUI /57 ,29577 
ALLI = A L L I / 5 7 . 2 9 5 7 7  
ALLO = ALL0/57,29577 
A L U I  = S I N ( A L U I ) / C O S I A L U I  1 
ALUO = SIN(ALUO)/COS(ALUO) 
A L L I  = S I N ( A L L I ) / C O S ( A L L I )  
ALLO = SIN(ALLO) /COS(ALLO)  
NCH HXBO-HXBI+l  
H X B I H l  = MXBI-1  
NXBOPL = MXBO+1 
I B T E l  = 1000 
I B T E 2  = 1000 
A L  UO = AL UO/ 57 295 7 7 
CALCULATE MESH COORDINATES ON BOUNDARY 
WRITE I6.999) 
ZU( 1) = R I * (  l - -ALUI /SORT(  l - + A L U I * * 2 )  I 
ZUtNUSP) CHORD-RO*( 1.+ALUO/SQRT(1.+ALUO**t) ) 
Z L ( 1 )  = RI*(1.+ALLI/SQRT(l.+ALLI**2)~ 
Z L l N L S P )  = CHORD-RO*( l,-ALLD/SQRTIl-+ALLD**2) 
XSPL41)  =-SQRT(ZL(1)*42.*RI-ZL(l)))+PITCH 
X S P U I 1 )  = S Q R T 4 Z U ~ L l * ~ 2 ~ * R ~ ~ Z U ~ l l ~ ~  
XSPU( NUSP) = SORT(  (CHORD-ZU(NUSP1) *42-*RO-CHORD+ZU(NUSP) 1 )+STGR 
XSPLINLSP)  = -SORT( (CHORD-ZL(NLSP)~*(2o*RO-CHORD+i!L(NLSP)))+STGR 
1 +PITCH 




CALL BLDCRD 4ZU*XSPUr SLUPE ~EMUINUSPIRI rALUl*RO*ALUO,CHORD.STGR* 
SPLN22( 2U.XSPUrALUI rALW)r NUSPr SLUPEvEMUl 
SPLN 22( ZL XSPLr ALL I r A LLOr NLSPI SLL PE r E ML 1 
i P!?CH* :.rXU.:;tH.iiHTr##Gi r i j X C l i i i i  
CALL BLDCRO ( Z L r  XSPLI  SLLPE rEHL. NLSPI R I  *ALL 1.RO.ALLO.CHORD.STGRt 
I P I  TCHr- 1 . 9  XL rNCH.2 I NT r HXBI  r DXDZL 1 
SRW = 0 
CALCULATE UPSTREAM COEFFICIENTS 
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90 CONTINUE 
I = O  
DO L O O  I A  = LVMXBIMl  
N L ( I A )  = N B B I - 1  
N U ( 1 A )  = 0 
NBB = NL(  IA)-NU( I A l + 1  
X U ( I A )  = 0. 
X L ( I A )  = P I T C H  
DO LOO I B = l r N B B  
I = I + l  
A I  I = 2,*( HA**Z+HB**2) 
A ( I e  1)  H A * * Z / A I I  
A ( 1 9 2 )  A ( 1 r l )  
A t 1 1 3 1  = H B * * 2 / A I I  
A ( I . 4 )  = A ( I . 3 )  
IFIIB.EQ.1) K ( I )  = - A ( I V l ) + K ( I )  
IF(IB.EQ.NBB) K ( I )  = A ( I * Z ) + K ( I )  
IF ( ( IA .EQ.HXBIHl1 .AND. ( IB  . E Q . l ) l  A ( I 9 4 1  = 0. 
I F (  IA.NE.11 GO TO 100 
A ( I 9 1 )  = 0. 
A ( I 9 2 )  = 0, 
A ( I . 3 )  = 0 -  
A ( l . 4 )  = 1. 
K ( I )  = 0. 
K I I )  = HA*UNI 
100 CONTINUE 
C 
C CALCULATE COEFFICIENTS BETWEEN BLADES 
r. 
DO 110 IA=MXBIsHXBO 
NU( I A )  = I N T I ( X U ( I A ) + D T L R I / H B )  
IF(XU( IA) .GT. -D lLR)  N U ( I A ) = N U ( I A ) + l  
NL(  I A )  = I N T ( ( X L (  I A ) - D T L R I / H B )  
IF(KLI IA I .LT.DTLR1 N L ( I A )  = N L ( I A ) - 1  
NL(HXBOP1) = NBBO 
NU(HXBOP1) = NBUO 
X 1  = F L O A T ( N U ( I A ) ) * H B  
NBB = N L (  IA) -NU(  I A ) + 1  
110 CONTINUE 
DO 120 I A  = MXBIVMXBO 
K 5  = 0. 
DO 120 I B = l t N B B  
I = 1 + 1  
IF( I .GT,2500)  GO TO 120 
K 1  = 0, 
K 2  = 0 .  
K 3  = 0. 
K 4  = 0. 
H3 = HA 
H4 = HA 
IFI(NU(IA)+IB).LE,NUIIA-l)) CALL I N T P L ( X U ~ I A ~ X L V H ~ V O V K ~ V Z U V X S P U V  
1 
2 HXBIVMXBO) 
1 ALU 11 ALUOV NUSPVSLUPE vEHUIRI r R O ~ C H O R D ~ S T G R ~  PITCH9 1.9 HAvHBI 
2 HXBIVMXBO) 
ALU 1. ALUOI NUSP 9 SLUPE 9 EMU, R I  VRO*CHORD* STGR, P I T C H  1 v HA* HBv 
IF((NUIIA)+IBI.LE.NU(IA+lI) CALL I N T P L ( X U ~ I A ~ X ~ V H ~ V ~ ~ K * ~ L U I X S P U V  
I F ( ( N U I I A ) + I B ) . G T . ( N L I  I A - l ) + l ) )  C A L L  I N T P L ( X L ~ I A ~ X ~ ~ H ~ ~ O I K ~ I ~ L ~  
1 
2 H X B I r M X B O )  
1 X S P L ~ A L L I ~ A L L O ~ N L S P ~ S L L P E ~ E M L ~ R I r R O ~ C H O R O ~ S T G R ~ P I T C H r ~ l ~ r H A r H B r  
2 H X B I r M X B O )  
XSPL. A L L 1  , A L L 0 9  NLSP, S L L P E  ~ E M L I R I  ROpCHORD, STGR, P I T C H I - 1 .  r HA* HBI 
I F (  ( N U (  I A  ) + I  6 1 .GT. ( N L  ( I A + 1  ) + l )  1 C A L L  I N T P L ( X L 9  I A r  X l  rH4r  l r  K 4 r  Z L r  
I F (  I A - H X B O + 1 )  1159 1 1 3 r l l 4  
C S P E C I A L  C A L C U L A T I O N  OF C O E F F I C I E N T S  A T  T R A I L I N G  EDGE OF LOWER SURFACE OF 
C UPPER B L A D E  
113 IF(X l .LT.PITCH+STGR-RO)  GO T O  115 
I F t X l . G T . P I T C H + S T G R )  GO TO 1 1 5  
HAHRO = HA-RO 
XL ( H X B O )  = P ITCH+STGR-RO 
C A L L  I N T P L I X L ~ I A ~ X ~ ~ H ~ ~ ~ ~ K ~ ~ Z L ~ X S P L I A L L I A L L O ~ N L S P ~ S L L P E I E M L ~  
1 R I  9 ROr CHORD, S T G R I  P I T C H  I- 1 r HAHRO 9 HBp M X B I  I M X B O I  
H A N T E  = H4 
I B T E 2  = N U [  I A ) + I 6 - 1  
X L  (MXBO) = P I T C H + S T G R  
GO TO 115 
114 I F ( X l . L T . P I T C H + S T G R - R O )  GO TO 115 
I F ( I B T E 2 . E Q . 1 0 0 0 )  GO T O  115 
B = X L ( M X B 0 - 1 )  
XL ( MXBO-1) = P ITCH+STGR-RO 
C A L L  I N T P L ( X L ~ I A I X L ~ H ~ . O ~ K ~ * Z L ~ X S P L ~ A L L I  ( A L L O t N L S P r S L L P E r E M l - r  
1 R I  9 R O r  CHORD, STGR, P I  TCHr-1.  IROIHBI M X B I  r HXBO 1 
H A l T E  = H3 
I B T E l  = N U (  I A ) + I B - l  
I T E 2  = I 
X L ( H X B 0 - 1 )  = B 
115 I F ( I B - E Q . 1 )  K l  = 1- 
I F ( I B o E Q o N B B 1  K 2  = 1. 
H 1  = H B - K l * (  X U (  I A ) - X l + H B  1 
H2 = HB-K2*( X l - X L (  I A  )+HB) 
A I 1  = ( H 3 + H 4 ) * ( 1 . / H l + l . / H 2 ) + ( H l + H 2 ) * ( 1 . / H 3 * 1 . / H 4 )  
A ( 1 . l )  = ( H 3 + H 4 ) / H l / A I I  
A(  1.2) = ( H 3 + H 4 ) / H 2 / A I I  
A( I r 3 )  = ( H l + H Z ) / H 3 / A I I  
A(  I141 = ( H l + H 2 ) / H 4 / A I I  
IF(K3.LT..SoANDoK6.LT,,5) K 5  = 1- 
K (  I 1 = K 5 * ( K 2 * A (  1 9 2 )  +K3*A 11 3 ) + K 4 * A  1 9 4 )  1 
I F ( K L . G T o - 5 )  A t 1 1 1 1  = 0. 
I F ( K 2 . G T o - 5 )  A ( 1 1 2 )  = 0. 
IF (K3oGT. .5 )  A f 1 . 3 )  = 0. 
I F ( K 4 o G T * . 5 )  A ( I . 4 )  = 0. 
i 
I X 1  = X l + H B  
I 120  C O N T I N U E  
C 
C C A L C U L A T E  DOWNSTREAM C O E F F I C I E N T S  
C 
00 170 I A = M X B O P l r M X  
I NU( X A )  = NBUO N L ( I A )  = NBBO XU( I A )  = STGR X L (  I A )  = P I T C H + S T G R  I = I + 1  
I F ( I . G T . 2 5 0 0 )  GO TO 140 
4 1  

A ( I t 3 1  = 1. 
K( 1 )  = K( 1-11 
NXN = I 
170 CONTINUE 
WRITE 1 6 9 1 4 2 0 )  NXN 
I F ( N X N - G T o 2 5 0 0 )  W R I T E ( 6 r 1 4 3 0 1  
IF(NULAK1oEQ.O) RETURN 
WRITE ( 6 r l 4 1 0 1  ( N U ( I A ) t N L ( I A I  r I A = l * M X )  
N X N l  = NXN 
RETURN 
999 FORMAT ( 1 H l )  
1000 FORMAT f 1615) 
1010 FORMAT (8F lO-5)  
1 0 2 0  FORMAT ( l X q B G 1 6 0 7 )  
1 4 2 0  FORMAT ( 1 H  s5Xs32HNUMBER OF INTERIOR MESH POINTS =*I51 
1430 FORHAT(76HKTHE NUM6ER OF UNKNOWN MESH POINTS EXCEEDS 2500, A COARS 
1410 FORMAT ( LBH L I S T  OF NU AND NL / ( 2 1 1 0 )  1 










3 Z U ~ S O l r X S P U ~ 5 O ~ r 2 L ~ S O ~ ~ X S P L ~ 5 O l ~ W ~ W R ~ T O L E R r B D A r B D D ~  
4 U~2500)rA~2500r41rK~2500~~ 
5 DXDZU( 100 lrDXDZL( 1001 
6 XU( 100 lrXL( 100) ,NU( 1001 rNL( 1001 r UI NT( 11 I rXINT( 1 1  1 9  
7 H A ~ H B ~ N X N ~ H X B I M l ~ M X B O P l ~ J U ~ J L ~ H U r H L ~ I D r N B B O r N B U O r N C H t  
8 IBTELr IBTE2r ITE2rHAlTErHANTE 
WZ(2500) rWX(25001 pV(2500) rTHETA(2500)rSL( 11001 
SRWr FIRST. CASE r BLDATApERPRTr STRFNr SLCRDr SLPLT 9 ARPRT rSURVEL 
RO 9 AL UO 9 A LLO r MX B I r M XB 0 9 MX 9 NB B I NUS P r NLS PI N1 NT 9 
SLUPE ( 501 9 EMU1501 rSLLPE (50 I rEHL(5O)r 
DIMENSION 
DIMENSION W Z U ( 1 0 0 ~ ~ W Z L ~ 1 0 0 ) r W X U ~ l O O l ~ W X L l l O O ) ~ Z X U ~ l O O l ~ Z X L ~ ~ O O I ~  






4 ~ K ~ 1 2 0 l l r I U ~ l l l r ~ K ~ L 3 O l l ~ I L ~ ~ l l ~ ~ K ~ l 4 O l l r A A A ~ l ~ I  
EQUIVALENCE (A( 1 ~ 1 ) r W Z I l )  )r(A(lr2)rWX(Ll)r (A(lr3lrVlll)r 
EQUIVALENCE ~ K ~ L l ~ W Z U ~ l ~ l r ~ K ~ 1 0 1 ) r W Z L ~ l ) ) r ~ K ~ 2 O l I ~ W X U ~ L ~ ~ ~  
(A( lr4)rTHETA( 11 1. (K(1501) rSL( 11 1 
( K  (301 I rWXL (1 )  1 9  (K(4011 r ZXUllI 1 9  (K(501) rZXL( 1 I I t  
(K( 901 l r  WL 
K (  601 I r THETAU( 1 1 1  r (K(701) r THETAL( 1) I r (K( 801 1 rWU( 1 I I r 
1) I (K( 1001 I r USPf 11 1 r (K( 1101 1 rZPL( 11 1 r 
C 
C ESTIMATE WBEST 
C 
IF(W-GEoL.1 G O  TO 225 
190 DO 200 I=lrNXN 
200 U(I1 = 1. 
WHAX = 20 
2 1 0  I = 0 
M A X 1  = WMAX 
LHAX = 0 ,  
LHIN = 1. 
DO 220 IA=lrMX 
NBB = NLI IA)-NU(IAI+l 
DO 220 IB =lrNBB 
I = I + 1  
I 1  = 1-1 
I2 = I+1 
IF( I ( IA.LT.MXB1 ).OR.( 1A.GT.MXBO) IoAND. ( IB.EQ. 1 1 )  I 1  = I l+NBB 
IF( ( I  IA.LT.MXBI).OR.( IA.GT.MXBO1 1,AND. IIB.EQ.NBB)) 12 = 12-NBB 
I3 = I-NLl IA-l)+NUI IA)-1 
I4 = I+NL( IA)-NU( IA+ll+l 
UNEW = A ~ I ~ L ~ * U ~ i 1 l + A ~ I ~ 2 ~ * U ~ I 2 l + A ~ I r 3 ~ * U ~ I 3 ~ ~ A ~ I r 4 l * U ~ I 4 ~  
RATIO = UNEW/U( I I 
LHAX = AMAXl(RATIOrLMAX1 
LHIN AMINl(RATIOrLMIN1 
215 UIII = UNEW 
220 CONTINUE 
WHAX = 2 - / (  lo+SQRT(ABS( lo-LMAX) 1 )  
WHIN = 20/(  l -+SQRT(  Lo-LMIN) 
HRITE 1 6 9  1500) WHAX~WMINrLMAXrLMIN 
IF ( ( I WMAX 1-WMAX 1 -GT - WR ) o OR 1 WHAX-GT. (20-100. *WR) 1 ) GO T O  2 10 
W = WHAX 
C 





2 5 0  
C 
I = O  
DO 230 I A = l t H X B I M l  
NBB = NL(  IA)-NU( I A ) + 1  
X l  = FLOAT(HXB I- I A  ) /FLOAT( MXBI 1 *BOA 
DO 230 I B r l t N B B  
I = 1+1 
U( 1 )  = Xl+FLOAT(  I B - l ) / F L O A T I N B B )  
CON1 INUE 
DO 240 IA=MXBI,MXBO 
NBB = N L (  I A l - N U ( L A ) + l  
DO 240 I B = l r N B B  
I = 1+1 
J = N U ( I A ) + I B - l  
Ut I )  = ( H B * F L O A T ( J ) - X U ( I A )  ) / ( X L 1  I A ) - X U ( I A l )  
CON T I NUE 
DO 250 IA=MXBOPlrHX 
NBB = NL(  IA)-NU( I A ) + l  
X 1 = FLOAT( I A-MXBO /FLOAT( HX-MXBO) *BOD 
DO 250 I B = l * N B B  
I = I+1 
U t  I )  = X l+FLOAT(  I B - l ) / F L O A T I N B B )  
CON1 INUE 
c SOLVE MATRIX EQUATION BY SOR 
C 
IF{ NUL AK I ONE 00 1 WRITE ( 6,1450 1 
2 6 0  I = 0 
ERROR = 0. 
DO 270 I A - l r H X  
NBB = NL(  IA)-NU( I A ) + 1  
DO 270 I B = l r N B B  
I = I + l  
I 1  = 1-1 
I2 = 1+1 
I F (  I I IAoLT-HXB I 1 .OR- ( I A - G T o  MXBO) 1 A NO- ( 16- EQ. 1 1 1 
I F (  ( t I A - L T - M X B I l . D R o (  I A o G T o M X B O ) ) o A N D - ( I B , E Q I N B B ) )  I2 = 12-NBB 
I 1 = I 1+NBB 
I 3  = I - N L (  I A - l ) + N U ( I A ) - L  
I4 = I + N L (  I A I - N U ( I A + l ) + l  
CHANGE = 
ERROR = AHAXl(ERRORrABS(CHANGE) 1 
H*(K(  I )-U( I ) + A I 1  p l ) * U (  I l l + A ( I  r 2 )  *U( I 2 ) + A (  I r 3 )  *U( I 3  I +  
1 A (  I r 4 ) * U (  1 4 )  
U(. I )  = U(  I )+CHANGE 
IF(NULAK!,EQ=O! C-GTC! 279 
I F (  IA-EQ. 1) I3=0 
I F (  IA-EQ-HX) I4=0 
WRITE (61 1460 1 I A ,  1 9  ( A  ( I e J 1 r J=1 r 4 )  I 1  r I 2  I 3  r I 4  r K (  I J 
270 CONTINUE 
NULAKI  = 0 
45 
IFtERPRT-NE.0) WRITE (6r1510) ERROR 
I F 1  ERROR-GToTOLER 1 GO TO 260 
LAST = 0 
00 280 I A - l r M X  
F I R S T  = L A S T + 1  
LAST = F I R S T + N L (  I A ) - N U ( I A )  
I U (  I A ) = F I R S T  
I F (  STRFNoNEoO) W R I T E I 6 r  1520) 
IL( I A ) = L A S T  
RETURN 
280 I F (  STRFNoNEoO) WRITE (6,1530) ( U t 1  1 ~ I ~ F I R S T I L A S T )  
1450 FORMAT (88H1 I A  1 A ( I * l )  A (  I r 2 )  A ( I r 3 )  A ( I . 4 )  
111 I2 I 3  14 K ( I )  
1460 FORMAT ~2X~I3~16~4F10.5r4I7rF1005) 
1500 FORMAT ( 7 H  WHAX =,F9.6r5XlbHWMIN = rF9 .6 r5Xr6HLHAX = , F 9 - 6 r S X t  
1510 FORMAT ( 8H ERROR = r F 1 1 - 8 )  
1520 FORMAT ( l H L 9  10Xr22HSTREAH FUNCTION VALUES) 
1530 FORHAT ( 2 X r l O F 1 3 . 8 1  








K r K  1 r K 2 r K 3 r K 4 t K 5  r L M A X  r L U 1  N 
SRWt F I R S T r  CASE r BLOATAt ERPRT 9 STRFN. SLCRDr SLPLT r ARPRT t SURVEL 




4 U ( 2 5 0 0 ) r A ( 2 5 0 0 r 4 ) r K ( 2 5 0 0 )  9 
5 D X D Z U ~ 1 0 0 ) r D X D Z L ~ 1 0 0 ~ ~ S L U P E ~ 5 O ~ ~ E M U ~ 5 O ~ t S L L P E l 5 O l t E M L ~ 5 O ~ t  
6 
7 H A ~ H B ~ N X N ~ M X B I M l ~ M X B O P l ~ J U ~ J L t H U t H L ~ I D t N B B O t N B U O t N C H t  
8 IBTElp I B T E 2 r  ITE2,HAlTEtHANTE 
WZ( 2500) 9 W X I  2500) * V I  2500) t THETA(2500)  rSL( 1100) 
ROVALUO r A L L O t  H X B I  t MXBOt MXrNBBI  t NUSP, NLSPt  N I  N T t  
BLOATAt NULAK I t  ERPRTr STRFNt SLCROt S L P L T t  ARPRTt INTVEL t SURVELr 
ZU ( SO) XSPU( 50) 9 ZL ( 50) t XSPL (50) 9 W 9 WR~TOLERI BOA, 8 0 0 s  
KUt 100) 9 XL I LOO) *NU( 100) r N L (  1001 9 U I  NT( 11 1 t X I NT ( 11 1 t 
DIMENS CON 
DIMENSION WZU( lOO)*WZL( lOO)  tWXU(LO0) rWKL1100)  r L X U ( 1 0 0 ) r Z X L ( 1 0 0 ) r  
1 THETAU( lOO) tTHETAL( lOO)  t W U ( l O O ) r W L ( l O O ) r  
2 USP(1001rZPL(l00)rIU(lOO)~IL~lOO) t A A A ( 1 0 0 )  
1 
EQU I VAL EN CE ( A ( 1 1 9 UZ 1 1 1 1 r ( A ( 1 t 2 ) 9 WX ( 1 1 1 9 ( A ( 1 t 3 1 t V ( 1 1 ) t 
( A ( It 4) 9 THETA( 1) 1 9 ( K  ( 1501 1 t SL ( 1) ) 
( K  (301 1 rWXL ( 1  # ) t ( K ( 4 0 1 )  t ZXUI 1) 1 ,  I K ( 5 0 1 )  r Z X L  (1) 1 9  
( K (  901 1 t WL ( 1 1  1 , ( K ( 1001 
EQUIVALENCE ( K ( l I p W Z U ( 1 )  ~ r ~ K ~ l O l ~ ~ W Z L ~ l ) ~ r l K I 2 0 L ) r n X U I l ~ ) t  
1 
2 ( K (  601 1 9  THETAU( 1) t ( K l 7 0 1 )  THETAL (1  1 1 9  ( K t 8 0 1  r WU ( 1)  ) t 
3 
4 ~ K ~ L Z O 1 ~ ~ I U ~ l ~ l r ~ K ~ 1 3 O l ~ ) r ( K I L ~ l ~ ~ ~ ~ K ~ l 4 O l ) ~ A A A ~ l ~ ~  
t USP ( 1) 1 t ( K (  1101 ) t ZPL ( 1 ) 1 t 
DIMENSION XBB(52)~WZSPI5Z)rKKK(24)tP(ll) 
DATA ( K K K I  J 1 t J=4,24t 2) /L  l * l H * /  
C 







I = o  
DEL I N T  l o / F L O A T ( N I N T )  
NBB = N L ( 1 ) + 1  
L P L (  1) = HA*FLOAT( 1-MXBI ) 
DO 318 IA=i!rMX 
Z P L I I A )  f Z P L ( I A - l ) + H A  
I F (  SLCRD.NE.0) W R I T E ( 6 t 1 5 5 0 )  
DO 320 18 = l t N B B  
00 350 I A  = l r M X B I H l  
X B B ( 1 )  0 -  
XBB( I B + 1 )  = XBB( IB)+HB 
U I N T (  1) = AINT(U(ItlI/DELINT~*DELINT 
I F ( U (  Itl).Gl.O.) U I N T ( 1 )  = U I N T ( l ) + D E L I N T  
DO 330 J B z 2 t N I N T  
U I N T I J B )  = U I N T ( J B - l ) + D E L I N T  
DO 3 4 0  I B = l t N B B  
I = I + l  
USP(I8) = U ( I )  
N S P  = NAB+! 
U S P I N S P I  = USP(1)+1.  
CALL SPL I N T l  U S P ~ X B B r N S P t U I N T t N I N T t  X INT)  
47 
CALL SPLINE(XBBrUSPINSPrWZ(I1) rAAA) 
I l = I l + N L (  I A ) + 1  
I F (  SLCRD-NE. 0 ) 
DO 345 J B = l t N I N T  
J = M X * l J B - l ) + I A  
S L f J )  = X I N T ( J B 1  
J1  = MX*NINT+IA 
S L l J 1 )  = S L ( J )  
WR I TE ( 6 9  1540 1 ZPL l I A * l U I  NT l J 1 r X I  NT ( J 1 r J= 1 9  N I NT ) 
345 CONTINUE 
350  CONTINUE 
C 
C CALCULATE STREAMLINE LOCATION -- BLADE 
C 
3 6 0  
3 7 0  
375  
3 8 0  
C 
JU-MXBI-1 
N I N T  = N I N T + l  
U I N T I L )  = 0. 
DO 360 J B = 2 r N I N T  
U I N T l  J B )  = U I N T t  J B - l ) + D E L I N T  
U S P ( 1 1  = 0. 
DO 3 8 0  IA=HXBIrMXBO 
XBB( 1) = XU( I A  1 
NBB = NL(  IA) -NU(  I A  )+1 
XBBl 2 )  = FLDATlNU(  I A )  )*HB 
DO 370 I B  LrNBB 
I = 1+1 
U S P l I B + L )  = U ( I )  
XBB( I B + 1 )  = F L O A T I l B - l ) * H B + X B B ( 2 )  
NSP = NBB+2 
USPlNSP)  = 1. 
XBB(NSP) = X L ( I A 1  
CALL 
CALL SPLINE(  XBBrUSPrNSPr WZSPrAAA) 
DO 3 7 5  I B = l r N B B  
W Z I  I l l = W Z S P l  I B + l )  
I L = I l + 1  
JU= JU + 1 
WZU(JU)=YZSP( 11  
W Z L l  JU)=WZSP(NSP) 
SPL I N T (  USP r XBB r NSPr U I  NTr N I  NTr  X I N T I  
I F (  SLCRD.NE. 0 1 
DO 3 8 0  J B = l r N I N T  
J M X * l  J B - l ) + I A  
S L l J )  = X I N T ( J B 1  
C O N 1  INUE 
WR I TE l 6r 1 5 4 0 )  ZPL [ I  A ) 9 l U I  NT l J 1 9 X I  NT ( J )  t J=1 r NINT 
C CALCULATE STREAMLINE LOCATION - DOWNSTREAM 
C 
N I N T  = N I N T - 1  
NBB = NL I MXBOPl I-NU[ M X B D P l ) + l  
NSP = N B B + l  
XBBl  1) = STGR 
X B R ( 2 )  = STGR+HU 
DO 3 9 0  I B = 3 r N B B  
390 X B B t I B )  = X B B ( I B - l ) + H B  
XBBlNSP) = STGR+PITCH 
U I N T I L )  = AINTlU(I+l)/DELINT)*DELINT 
DO 420 IA=MXBOPlrHX 
I F ( U (  I* l) .GT.OoI U I N T ( 1 )  = U I N T ( l I + D € L I N T  
DO 400 J B = Z r N I N T  
DO 410 I B = l r N B B  
I = 1+1 
USPtNSP) = USP(1)+1.  
CALL SPL I N T ( U S P * X B B I N S P I U I N T ~ " ~ ~ X I N T ~ X I N T )  
CALL S P L I N E ( X B B ~ U S P ~ N S P , W Z ( I l ) r A A A A )  
I l = I  1+NL 
I F (  SLCRD-NE00 1 
DO 4 1 5  J B = l r N I N T  
400 U I N T t  JB) = U I N T ( J B - L ) + D E L I N T  
410 U S P I I B )  = U I  I )  
I A  )-NU1 I A  1 +1 
WRITE ( 61 1540 t ZPL ( 1  A t  r I U I  NT I J) 9 XINT (J) 9 J=l t N I  NT 1 
J = HX* I  JB-1  ) + I A  
S L I J )  = X f N T ( J B )  
J 1  = MX*NINT+IA 
S L t J l )  = S L I J )  
415 CONTINUE 
4 2 0  CONTINUE 
C 
C PLOT S lREAHLINES 
C 
C CALCULATE PLOTTING PARAMETERS 
IF(SLPLToEQ.0)  GO TO 480 
Z H I N  = Z P L I 1 )  
X M A X  = X L I 1 )  
XMIN = X U ( 1 )  
DO 430 I A  = 2 r H X  
XMAX = A H A X l t  XMAXI XL1 I A  1 1 
430 X H I N  A M I N l I X M I N r X U l I A ) )  
DX = XMAX-XHIN 
XFACT 20 
440 I F ( D X o G 1 - 1 0 o )  GO TO 450 
DX = DX*lO. 
GO TO 440 
DX = DX/10. 
GO TD 450 
DZ = AINT(S.*DX/3,) 
ZFACT = XFACT 
XMIN = A I N T I  XHIN*lO,**XFACT) 
K K K I L )  = 49 
K K K ( 2 1  = N I N T + l  
P I 1 1  = 1. 
P I 5 )  = 0. 
P ( 6 )  = 6,-ZFACT 
P i 7 i  f L M I N  
P ( 8 )  = DZ 
P ( 9 1  = 6.-XFACT 
P ( 1 0 )  = XMIN 
P ( 1 1 )  = DX 
K K K ( 3 )  = M X  
XFACT = XFACT+l. 
450 IF(DX.LE.100,) GO TO 460 
XFACT = XFACT-1. 
460 DX = AINT(DX+l . )  
Z M I N  = AINT(ZHIN* lOo**ZFACT)  
WRITE161 1530) 
49 
C A L L  PLOTMY I Z P L , S L v K K K * P )  
W R I T E  (6,1560) 
00 470 I A = 2 r M X  
Z P L (  1) = H A * F L O A T (  1 - M X B I  1 
470 Z P L ( I A ) = Z P L (  I A - l ) + H A  
480 I F (  ARPRT.EQ.0) R E T U R N  
W R I T E  (6,1600) 
L A S T = O  
00 490 I A = l . M X  
F I R S T = L A S T + L  
L A S T  = F I R S T + N L (  I A ) - N U ( I A )  
490 U R I T E  (6,1020) ( W Z i I  ) r I = F I R S T , L A S T )  
W R I T E  (6,1610) 
W R I T E  (6,1020) ( W Z U I I A ) ,  I A = H X B I I M X B O )  
W R I T E  (6.1620) 
W R I T E  (6,1020) ( W Z L ( I A ) *  I A = M X B I I H X B O )  
RETURN 
1020 FORMAT 1X18G16.7)  
1530 FORMAT ( Z H P T , 5 O X . l 6 H S T R E A M L I N E  P L O T S  1 
1540 FORMAT ( 1 X * 7 G 1 8 . 7 / (  1 9 X . 6 G 1 8 . 7 ) )  
1550 FORMAT ( l H L p 2 6 X , 2 2 H S T R E A H L I N E  C O O R D I N A T E S / / / ~ X I B H Z  COORDII 
1560 FORMAT ( 2 H P L  935X. 8 6 H S T R E A M L I N E S  ARE P L O T T E D  WITH X - D I M E N S I O N  ACROS 
1 3( 9x1 1OHSTREAM FN. r 9 X , 8 H X  COORD- ) / / I  
1s THE P A G E  A N D  2 - D I M E N S I O N  DOWN THE PAGE)  
1600 F O R H A T ( l H 0 ,  8HWL A R R A Y )  
1610 FORMAT(  l H 0 1  9HWZU ARRAY) 
1620 F O R H A T ( 1 H O ~  9HWZL ARRAY)  
E N D  
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K r K  1, K Z r K 3 r  K 4 r K 5 r  LHAX rLM1 N 
SRWVF IRST, CASE rBLDATAeERPRT r STRFNr SLCRD, SLPLTr  ARPRT, SURVEL 








8 I B T E l r  I B T E 2 r  I T E 2 r H A l T E e H A N T E  
ROc ALUOIALLOIMXBI rMXBOt MXI NBBI ~NUSPINLSPINI NT, 
Ut  2500)  * A  ( 250094) r K (  2500) 9 
DXDZU( 100) ,OXDZLl lOO) r SLUPE 1 5 0 )  r E H U ( 5 0 )  r S L L P E ( 5 0 ) r E M L ( 5 0 ) r  
XU( 100) rXL(  100) ,NU( 100) r N L (  1001 r U I N T (  11 1 r X I N T (  11 1 9  
HA* HBeNXNr MXBI M l ,  HXBOPl JU, JL,HU,HL 9 101 NBBOINBUO rNCH, 
DIMENSION W Z ( 2 5 0 O ) ~ W X ( 2 5 0 0 ) r V I 2 5 0 0 1  ~ T H E T A t 2 5 0 0 1 r S L ( 1 1 0 0 )  
DIMENSION W Z U ~ L 0 0 ) ~ W Z L ( l 0 0 ) ~ W X U ~ l O O ~ ~ W X L ~ l O O ~  r Z X U { l ) r Z X L ( l O O ) r  
1 T H E T A U ( 1 0 0 ~ ~ T H E T A L ~ 1 O O ~ ~ W U ~ l O O 1 ~ ~ L ~ l O O ~ ~  
2 USP ( 100 1 
( A (  l r 4 ) r T H E T A ( 1 1  ) r ( K ( 1 5 0 1 )  rSL(1) 1 
ZPL ( 100) I U (  LOO 1 r I L I100 b r AAA ( 1  00 1 
EQUIVALENCE ( A ~ l ~ l ) ~ W Z ( l ) ) ~ ~ A ~ l r 2 ) r W X t l ) ) r ( A ( l r 3 ~ ~ V ( l ~ ~ ~  
1 
1 ( K ( 3 0 1 )  r W X L ( 1 )  1 r ( K ( 4 0 1 )  ,ZXU( 1 ) )  f K ( 5 0 1 )  r Z X L I 1 ) )  9 
2 
3 
4 ~ K ~ 1 2 0 l ~ ~ I U ~ l ) ~ ~ ~ K ~ 1 3 O l ~ ~ I L ~ 1 ~ ~ . ( K ( L 4 0 1 ~ ~ A A A ~ l ~ ~  
EQU [VALENCE ( K (  1) ,WZU( 1) * ( K (  1011 r WLL ( 1) 1 I K (  201) r WXU (1) 9 
( K (  601) *THETAU( 1) t 9 (K(701) *THETALI11 
( K ( 9 0 l ) r W L I  1) ) r ( K ( 1 0 0 1 )  r U S P ( 1 ) )  t I K I l L O L ) r Z P L t 1 )  I *  
4 K ( 8 0 1 )  r W U ( 1 1 )  
C 
C CALCULATE TANGENTIAL VELOCITY COMPONENTS 
C 
C START AT I A  = 1 (CASES l r 2 r 3 )  
C 
CASE =1 
J U  = 0 
JL = 0 
K K L  = 0 
KN = 0 
tB = 0 
I A l  = 1 
HAL = HA 
I A N  = H X B I  
I = N B B I + 1  
C END ON UPPER SURFACE (CASE 1) 
510 IF( IB ,GTINL( l ) )  GO TO 600 
530 IF(NU( IA) ,GT. IB)  GO TO 540 
DO 530 IA=IAN,MXBO 
CASE = 2 
GO TO 550 
540 I A N  = I A  
I A  = I A N - 1  
X l  = F L O A T ( I B ) * H B  
CALL ::;:p: XU* I?;* X I  *!+Ab;* I *  K&,Zt',Y,SPUi ALM! *ALL'"+ Y!SD1SLVPE i EMU: 
GO TO 770 
1 R I  rRO*CHDRDrSTGR*PITCH* 1. *HArHBr MXBI rMXBO) 
51 
C END AT I A  = HX [CASE 2 )  
5 5 0  IF( IB .NE, I8TEl )  GO TO 554 
I A N  = MXBO 
HAN = HANTE 
KN = 1 
GO TO 7 7 0  
5 5 4  00 555 IA=MX8I,MXBO 
5 5 5  IF{IB.GT,NL( I A ) )  GO TO 5 6 0  
I F ( I B , C T . N L ( l ) )  GO TO 600 
I A N  = HX 
HAN = HA 
GO TO 770 
C EN0 ON LOWER SURFACE (CASE 3 )  
5 6 0  CASE = 3 
I F ( I B . G T - N L ( 1 ) )  GO TO 600 
DO 5 7 0  IA=MXBI*MXBO 
5 7 0  I F ( N L ( 1 A ) o L T o I B )  GO TO 5 8 0  
IA=MXBO 
5 8 0  I A N  = I A  
I A  = IAN-1  
X 1  = F L O A T ( I B ) * H B  
CALL I N T P L  ( X L , I A , X l  ,HAN* 1 *KI ,ZL,XSPLtALLI  ~ALLOINLSPISLLPEI EHLI 
1 R I R O I  CHORD* STGRIP I T C H  v- 1. ~HAIHB e HXBI t HXBO) 
KN = 1 
GO TO 770 
C START ON LOWER SURFACE (CASE 4) 
6 0 0  CASE = 4 
K K l = l  
6 2 0  DO 630 IA=MXBI  rHX8O 
6 3 0  I F ( N L ( I A + l ) o G T , N L ( I A ) )  GO TO 640 
CASE=5 
GO TO 6 8 0  
6 4 0  I8 = N L ( I A ) + l  
I A 1  = I A  
650 DO 660 I A = I A l r H X B O  
6 6 0  I F I N L ( I A + l ) o G E . I 8 )  GO TO 6 7 0  
CASE = 5 
GO TO 680 
6 7 0  I A l  = I A  
I A  = I A l + l  
X l  = FLOAT( IB)*HB 
1 = I L I  I A ) + I B - N L (  I A )  
CALL I NTPL [ XL  p I A * X 1, HA 1 , 0 t K 3  , 2 L p  XSPL, ALL1 VALLO, NLSPt SLL PE 9 EHL t 
1 R I  t RD , CHORD, STGR, P I TCHI- 1. *HA*  H8 HXBI  9 MXBO ) 
GO TO 740 
C START ON UPPER SURFACE (CASE 5 )  
6 8 0  DO 690 I A = H X B I ~ H X B O  
6 9 0  I F ( N U (  IA+l).LT.NU( I A ) )  GO TO 700 
CASE = 6 
GO TO 765 
700 I8 = NU( C A I - 1  
I A L  = I A  
KK 1-0 
710 DO 7 2 0  IA=IAl ,MXBO 
720 I F l N U ( I A + l ) o L E o I B )  GO TO 730 
CASE = 6 
52 
GO TO 765 
I A  = I A  +1 
X 1  = F L O A T l I B ) * H B  
I F (  IB.EQ.NU(MX)) Xl=STGR 
I = I U (  I A ) + I B - N U (  I A )  
730 I A 1  = I A  
CALL INTPL I XU, I A  v X 1 *HA1 t 0 r K 3  9 Z U I  XSPU, ALUI  ~ A L U O I  NUS PI SLUPEt EMU * 
1 R 1 9 R O I  C HORDt STGR 9 P I TCH v 1 *HA ,HE* MXB I * MXBO 1 
C CASES 4 AND 5 
740 I AN=I A I+ 1 
00 750 IAzIAN,MXBO 
I F (  IB-NE. IBTELI GO TO 755 
750 I F l N L ( I A ) - L T o I B J  GO TO 760 
I A N  = HXBO 
HAN = HANTE 
KN = 1 
GO TO 770 
C END AT I A  = M X  
755 I A N  = MX 
HAN = HA 
KN = 0 
GO TO 770 
C END ON LOWER SURFACE 
760 I A N  = I A  
I A  = I A - 1  
KN = 1 
CALL I N T P L t  XL, I A .  X l  qHAN, 19K4, ZLeXSPL, ALL1 9 ALL09 NLSPeSLLPE r EMLI 
1 R I  * RO, CHORD, STGR, P I TCHV-1- ~HAvHBI M X 8 I  1MX8O) 
GO TO 770 
1 A l  = MX80-1 
H A 1  = H A l T E  
I = I T E 2  
I A N  = HX 
HAN = HA 
I B  = I B T E 2  
K K 1  =l  
VELOC 
765 IFIIBTEZ.EQ.1000) GO T O  780 
770 CALL ( U t  ZPL 9 I A l  tI AN , HA1 r HANt I 9 I BI MX I NXN sNBBO1 JU J L  t KK1 v KN, 
1 USP, HXIWXU,ZXUI WXL r2XLsNUvNL rAAA J 
I B  = IB+1 
I = I + 1  
IF (CASEoEOo5)  IB=IB-2  
GO TO (510~550~560r650r7109780) (CASE 
780 DO 790 I= l ,NXN 
790 W X l I l = - W X ( I )  
800 WXU( I ) = - W X U l I l  
810 WXLI I )=-WXLl I )  
00 800 I = l r J U  
00 810 I = L t J L  
CALL SOR TXY I 2  X L  p WXL 9 J L 1 
C 
C EN0 OF TANGENTIAL VELOCITY CALCULATION 
C 
IF(ARPRT.EQ.0) GO TO 830 
LAST=O 
WRITE ( 6 9  1630) 
53 
DO 820 I A = l r M X  
L A S T = F I R S T ~ L ( I A l - N U ( I A l  
W R I T E  (61  1 6 4 0 1  
W R I T E ( 6 1 1 0 2 0 1  ( Z X U ( I ) r W X U ( I l  9 I = l * J U )  
W R I T E  (61 16501 
W R I T E  (61 1020 1 r I = l *  JL I 
F I R S T = L A S T + l  
820 W R I T E ( 6 1  10201 ( W X (  111 I = F I R S T * L A S T )  
( Z X L (  I I r W X L (  I I
C 
C C A L C U L A T E  V E L O C I T I E S  AND ANGLES A T  I N T E R I O R  P O I N T S  
C 
830 I F l I N T V E L . E Q . 0 1  GO TO 870 
00 850 I = l r N X N  
V (  I )  = S Q R T ( W X ( I l * * 2 + W Z ( I l * * 2 )  
IF (WZ( I l .EQ.0 . )  GO TO 840 
GO TO 850 
T H E T A (  I ]  = A T A N (  Y X (  I I /WZ(  I ! )*57.29577 
840 T H E T A (  I 1 = 9 0 o O  
850 C O N T I N U E  
W R I T E  ( 6 1  1660) 
L A S T = O  
DO 860 I A x l r M X  
F I R S T = L A S T + L  
L A S T = F I R S T + N L (  I A I - N U (  I A I  
860 W R I T E ( 6 r 1 6 7 0 1 1 A 1  ( V ( I ) , T H E T A ( I l  ~ I = F I R S T I L A S T )  
C 
C SURFACE V E L O C I T I E S  B A S E D  ON A X I A L  COMPONENTS 
r 
L 
870 I F I SUR VEL . EQ . 0 I RETURN 
W R I T E  ( 6 1 1 6 8 0 1  
T H E T A U ( M X B I ) = 9 0 . 0  
T H E T A L ( H X B I l = - 9 0 . 0  
W U ( M X 8 I I  = 0. 
W L I H X B I )  = 0 ,  
T H E T A U (  HXBO)=-90. 0 
T H E T A L ( M X B O ) = + 9 0 . 0  
WU(MXBO1 = 0 -  
W L t H X B O )  = 0 .  
H X B I P l = M X B I + l  
MX8OM l=MXBO-1 
TANTHU=DXDZU(  I A  1 
WU( I A 1 =WZU( I A)*SQRT ( 1. + T A N T H U * T A N T H U l  
TANTHL=DXDZL ( I A  1 
DO 880 I A = M X B I P L r M X B O M l  
T H E T A U I  I A  )=ATAN(  T A N T H U l * 5 7 . 2 9 5 7 7  
T H E T A L  ( I A  ) = A T A N (  T A N T H L  )*59. 29577 
W R I T E  1 6 , 1 6 9 0 1  ( Z P L ( I A l ~ W U ( I A ) r T H E T A U ( I A ) r W Z U ( I A ~ ~ W L ( I A I ~  
880 WL( I A ) = W Z L I I A l + S Q R T (  l . + T A N T H L * T A N T H L )  
1 T H E T A L ( I A I * W Z L ( I A I  1 I A = H X B I r M X B O J  
C 
C C A L C U L A T E  SURFACE V E L O C I T I E S  B A S E 0  ON T A N G E N T I A L  COMPONENTS 
C 
C A L L  B L D D E R f  Z U p X S P U t  SLUPE , E H U * N U S P I R I  A L U I  ,Ron ALUOICHORDISTGRI 
C A L L  B L D D E R I Z L I X S P L * S L L P E I E " L S P * R I ~  A L L 1  ,RO,ALLO,CHORD~STGRI 
1 P I T C H , l . r J U ~ Z X U ~ M X 8 I ~ H A , D X D Z U l  
1 P I T C H I - 1  t JLI Z X L  r M X B I  r HA,  D X D Z L  I 
C UPPER SURFACE 
WRITE ( 6 9  1700) 
THETAU(1)=90.0 
MU( l ) = A B S ( W X U ( l ) )  
THETAU( JU)  =-90.0 
YU(JU)=ABS(WXU(JU))  
JUM 1= J lF 1 
TANTHU=OXDZU ( I ) 
THETAU1 I )=ATAN(TANTHU)*57.29577 
DO 900 I 3 2 r J U M 1  
IF(TANTHU-EQ.Oo) GO TO 890 
W U ( I ) =  ABS(WXU(I)I*SQRT(L~+l~/~TANTHU*TANTHUI) 
GO TO 900 
890 WUI I )  = 0. 
900 CONTINUE 
WRITE 16r1710) ( Z X U (  I )  rWU(1 1 rTHETAUl  I) rWXU(1) r I = l r  J U )  
WRITE ( 6 9  1 7 2 0 )  
OD 920 I I l r J L  
C LOWER SURFACE 
TANTHL= DXOZL ( 1)  
THETALt  I )=ATAN(TANTHL)*57o29577 
I F  (TANTHL-EQ=Oo) GO TO 910 
WLI I ) = A B S ( W X L ~ I ) ) * S Q R T ( l = + l - / ( T A N T H L * T A N T H L ) ~  
GO TO 920 
910 W L ( I )  = 00 
920 CONTINUE 
WRITE ( 6 9  1710) ( ZXLf  I B rWL(1 1 rTHETAL( 11  r W X L  ( I  1 r 1x1. JL 1 
RETURN 
1020 FORMAT t l X r B G 1 6 - 7 )  
1630 FORMAT( l H l r  8HWX ARRAY) 
1640 FORMAT( 1H ~ 4 ( 6 X r 3 H Z X U r 1 3 X r  3HWXUr7X)) 
1650 FORMAT( 1H r416Xr3HZXLr13Xr3HWXL1IX) 1 
1660 FORMAT ( l H l r 4 O X ~ 3 4 H V E L O C I T I E S  AT INTERIOR MESH POINTS 1 
1670 FORMAT I l H L r 3 H I A = r I 2 r 5 ( 2 4 H  VELOCITY ANGLE(DEG)) / (3Xr  
1680 FORMAT ( l H l r  35Xr44HSURFACE VELOCITIES BASE0 ON A X I A L  COMPONENTS / 
1 5(G15.4tF9.2) 1 )  
1 2 5X 9 16HUPPER 
2 8HVELOCITYr3Xr  10HANGLEtDEG) r5Xr2HWZr4X)  1 
1690 FORMAT ( 1H 9 2G13.4rF9.2rGl5 .4rG18.4~F9.2rG1504~ 
SURFACE 9 26X r 16HLOWE R SURF ACE/ 7 X  T I HZ v 2 1 O X  t 
1700 FORMAT (51141 SURFACE VELOCITIES BASE0 ON TANGENTIAL COMPONENTS/ 
1 25Xr  13HUPPER S U R F A C E / 7 X ~ 1 H Z r 1 O X ~ 8 H V E L O C I T Y ~ 3 X ~ l O H A N G L E ~ D E G ) ~  
2 5Xr2HMX) 
1710 FORMAT ( 1H r 2 G 1 3 - 4 r F 9 . 2 r G 1 5 - 4 )  




Subroutine B LDCRD 
BLDCRD obtains the x-coordinates and the slopes of the blade surfaces corresponding 
to the given z-coordinates. BLDCRD may be used in two ways, either to obtain the infor- 
mation at all vertical mesh lines in one call, as when called by COEF directly, o r  at a 
single specified point, as when called by INTPL. The value of NCH is the number of 
points at which output is desired. Since BLDCRD is used for either the upper or  lower 
blade surface, SURF is used as a code to determine which surface is desired. SURF = 1. 
for the upper surface and SURF = -1 .  for the lower surface. 
The entire blade surface is defined by the leading- and trailing-edge radii and by two 
cubic spline curves (upper and lower surfaces), which are piecewise cubic polynomials. 
The procedure then is to scan the spline points to determine which interval the 
z-coordinate (ZINT) is in, and then to calculate the x-coordinate and derivative, both of 
which a re  specified analytically. 


















array of z-coordinates of spline points for blade surface (upper or  lower) 
array of x-coordinate of spline points for blade surface (upper or  lower) 
array of slopes at spline points for blade surface (upper or  lower) 
array of second derivatives at spline points for blade surface (upper or lower) 
number of spline points on blade surface (upper or lower) 
see figure 8 (p. 14) 
either ALUI or ALL1 (see fig. 8) 
see figure 8 
either ALUO or ALLO (see fig. 8) 
see figure 8 
see figure 8 
see figure 8 
code to indicate upper or lower surface, SURF = l . ,  for upper surface and, 
SURF = - l . ,  for lower surface 
number of points for which output is desired 
used as input only when NCH = 1, then it is z-coordinate for which corre- 
sponding x-coordinate for  blade surface is desired 
same as main program, number of mesh points on line AB 
The output variables are as follows: 
X array of x-coordinates at the vertical mesh linest for blade surface, o r  if 
NCH = 1, at z = ZINT 
DXDZ 
The' internal variables are as follows: 




basic mesh spacing in axial (z) direction 
index of vertical mesh line 
IFST 
ILST 
index of first point considered 
index of last point considered 
I K  index of spline point 
I RMZ difference between z-coordinate of point considered and z-coordinate of center 
of leading- or trailing-edge radii 
SRW integer variable in common used to obtain output useful in debugging; when 
SRW = 19, BLDCRD will write out calculated blade coordinates and corre- 
sponding slopes 
sw coefficient with value of zero on upper blade surface and 1 on lower blade sur- 
face; used to add pitch to computed blade coordinate for lower surface only 
ZINT z-coordinate at which x-coordinate and slope of blade surface are required 
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S I B F T C  BLDCRD 
SUBROUTINE BLDCRDI Z , XSP* SLOPE * E  M* NS P, R I  9 A L I  ,ROI ALO. CHORDISTGR~ 
1 PITCH,  SURF* X*NCH,ZINT*MXBI VDXDZ) 
C 
C SURF = 1. -- UPPER SURFACE 
C SURF -1. -- LOWER SURFACE 
C 
O I H E N S I O N  X S P ( N S P ) * Z I N S P ) t X ( N C H ) r S L O P E ( N S P ) t E M ( N S P ) * D X D Z I N C H )  
COMMON SRW 
INTEGER SRW 
sn = 0. 
I F ( S U R F o L T o 0 o )  SW = 1- 
I F S T  = 1 
I L S T  = 1 
IF(NCH.EQ.1) GO TO 10 
I F S T  = H X B I  
I L S T  = NCH+MXBI -1  
HA = CHORD/FLOAT( NCH-1) 
L I N T  = 0 .  
1 0 K = 2  
00 100 I A = I F S T , I L S T  
X I I A )  = SQRT(ZINT*I2o*RI-ZINT))*SURF+PITCH*SW 
20 I F I Z I N T - G T ~ Z I l ) )  GO TO 30 
RMZ = R I - Z I N T  
I F (  IA-NE.  I F S T )  DXOZ( I A )  = RMZ/SQRT(RI**2-RMZ**2)*SURF 
Z I N T  = Z INT+HA 
GO TO 100 
30 1 F I Z I N T . L E . Z I K ) )  GO T O  50 
IF(K.GE-NSPJ GO TO 60 
K = K + l  
GO TO 30 
50 S = Z I K I - Z I K - 1 )  
X (  I A )  E M ( K - l ) * ~ Z I K ) - L I N T ) * * 3 / 6 . / S + E M ~ K ) * ( Z I N T - L I K ~ l ~ ~ * * 3 / 6 ~ / ~  
1 +( XSP ( K 1 /S-EM( K 3 *S/6.)  *I Z I  NT-Z (  K -1 )  1 + I XSP I K - 1 )  /S-EM( K - 1 )  * S I 6 0  
2 * I Z I K l - Z I N T )  
DXDZ I I A I = - E M (  K- 1 )* I Z I K 1-21 N T )  **2 /2 . /S+E H I K )  * I 2 I K-11-Z I N T  ) **2/ 2- 
1 / S  *I X SP I K )-XSP ( K - 1 ) )  /S- I E M  [ K )-EM I K - 1 )  1 * S / 6 -  
ZINT = Z I N T + H A  
GO TO 100 
XI: I A )  = STGR+SURF*SQRTI ICHORD-ZINT)*I2.*RO-CHORD+ZINT ) )+PITCH*SW 
RMZ = CHORD-ZINT-RO 
I F ( I A . N E . I L S T )  D X D Z I I A )  = RMZ/SQRTIRO**Z-RMZ**2)*SURF 
Z I N T  = Z INT+HA 
GO TO 100 
60 I F  ( I  1 A o E Q . N C H ) o A N D o I I A o G T o l )  1 GO TO 70 
70 X I I A )  = STGR+PITCH*SW 
L O O  C O N l I N U E  
I F (  SRW-EQ. 19 1 W R I T E I 6 r  1000) ( X I  I A )  D X D Z l  I A )  I A=IFSTI  I L S T )  
RETURN 
1000 FORMAT I ~ X I ~ ~ H I N T E R P O L A T E D  COORDINATES AND SLOPES COMPUTED BY BLDC 
1RD,/I 5x1 2E16.8) 1 
EN 0 
BLDDER obtains the slope 
Subroutine B LDDER 
of the blade at given z- oordinates. It is used by TASVEL 
to obtain the blade slopes at each horizontal mesh line. BLDDER is similar to BLDCRD, 
except that the z-coordinates are an input array and the x-coordinates a re  not given as 
~ output. 
The input variables for BLDDER are  the same as those for BCDCRD, except that 
ZINT is not input. Also included a r e  
zx array of z-coordinates from the line BG in figure 2 (p. 5) for which slopes for 
blade surface a re  desired; these values must be arranged in increasing order 
basic mesh spacing in axial direction p The output of BLDDER is 
I DXDZ array of slopes at z-coordinates in  array ZX 
The internal variables a re  as follows: 
IA 
K index of spline point 
RMZ 
index of point in ZX array 
difference between z-coordinate of point considered and z-coordinate of center 
of leading- or trailing-edge radii 
SRW integer variable in COMMON used to obtain output useful in debugging; when 
SRW = 20, BLDDER will write out calculated blade slopes 
ZINT 
ZLE 
z-coordinate from blade leading edge at which blade slope is desired 
z-coordinate from line AH in figure 2 (p. 5) of leading edge of blade 
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5 I B F T C  BLDOER 
S U B R O U T I N  E BLDOER ( Z s XSP t SLOPE t E MI NS P qR I g A L  I t R O t  A L O t  CHORDt  S T G R t  
1 P I T C H t  S U R F t N C H t  Z X t  M X B I  , H A t D X D Z )  
C 
C SURF = l o  -- UPPER SURFACE 






D I M E N S I O N  X S P (  NSP 1 t Z (  N S P t  t SLOPE ( N S P )  .E M( N S P )  r D X D Z (  NCH)  s ZX ( N C H )  
COMMON SRW 
I N T E G E R  SRW 
K = 2  
Z I N T  = Z X I I A )  
RMZ = R I - Z I N T  
GO TO 100 
DO 100 I A  = 1 t N C H  
I F ( Z I N T . G T o Z (  1 ) )  GO TO 30 
I F ( I A o N E o 1 . O R . S U R F . L T o O o )  D X D Z ( I A )  = RMZ/SORT(RI * *2 -RHZ**2 ) *SURF 
I F ( Z I N T . L E - Z ( K ) )  GO T O  50 
I F ( K - G E o N S P J  GO TO 60 
K = K + L  
GO TO 30 
S = L ( K ) - Z ( K - l )  
D X D Z f  I A )  = - E M ~ K - ~ ~ * ~ Z ~ K ) - Z I N T ) * * ~ / ~ , / S * E H ( K ) * ( L ~ K ~ * ~ Z K - ~ ) ~ Z I N T ~ * * ~ / ~ O  
1 /S+  [ X S P  t K I - X S P  K - 1  1 1 /S- [ EM ( K )-Et4 ( K- 1) 1 *S/6. 
GO TO 100 
60 R H Z  = CHORD-ZINT-RO 
I F (  I I AoNE. 1 o A N D o  IAONE. NCH) .OR, SURF. L T o  0.1 OXOZ I A ) = R M Z / S O R T (  RO**2  
L-RMZ**2 I *SURF 
GO TO 100 
100 C O N T I N U E  
I F ( S R W - E Q . 2 0 )  W R I T E ( 6 r 1 0 0 0 )  (ZX(IA)rDXDZ(IA)rIA=ltNCH) 
RETURN 
1000 FORMAT ( l X t 5 6 H Z  COORD. AND I N T E R P O L A T E D  D E R I V A T I V E S  COMPUTED BY BL 




To compute the terms of the matrix A of equation (A6), it is necessary to obtain the 
distance along a horizontal mesh line from a mesh point near the blade to the blade itself. 
This is the quantity h3 or  h4 in equation (Al). This value is computed by INTPL. Since 
the equation of the blade surface is known, this amounts to finding the root of an equation. 
The root is found by INTPL by an iterative procedure, sometimes called the method of 
false position (falsi reguli). The variables shown in figure 11 correspond to those used in 
INTPL. After H has been calculated, the actual value on the spline curve (XI) is computed 
by BLDCRD and a reduced interval is considered so that the curve still crosses the value 
X1. Then the procedure is repeated on the smaller interval. A few iterations will deter- 
mine the value of z for which the spline curve crosses the mesh line, and from this, h3 
or  h4 is determined. 








basic mesh spacing in axial direction 
basic mesh spacing in blade-to-blade direction 
index of vertical mesh line on which mesh point lies 
number of mesh points on line AB 
integer which is zero when h3 is to be computed and which is 1 when h4 is to 
array of blade x-coordinates at each vertical mesh line 
x-coordinate of mesh point considered (see fig. 8, p. 14) 
be computed 
The remaining input variables a re  transmitted to BLDCRD. Their definitions a re  included 




Figure 11. - Notation used in subroutine INTPL H = 7 A x  HAN 
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The output variables are as f o ~ ~ o w s :  
H 
K real code variable changed to 1 by INTPL 
The internal variables are as follows: 















X1 - XO (see fig. 11) 
X2 - XO (see fig. 11) 
distance from ZO to approximate root ZINT determined by linear interpola- 
tion (see fig. 11) 
length of interval in which root has been determined to lie (see fig. 11) 
index of vertical mesh line to left of interval 
index of vertical mesh line to right of interval 
integer variable in COMMON used to obtain output useful in debugging; when 
SRW = 19, values of IA, N, HA, X1, X2, XO, and ZO are printed to start, 
followed by values of H, XI, X1, ZO, and ZBASE for each iteration, and 
final value of H after convergence 
x-coordinate of blade computed by BCDCRD for z = ZINT (see fig. 11) 
x-coordinate of blade at right end of interval (see fig. 11) 
x-coordinate of blade at left end of interval (see fig. 11) 
z-coordinate of left end of interval for first iteration 
z-coordinate determined by linear interpolation (see fig. 11) 
z-coordinate of left end of interval (see fig. 11) 
SIBFTC INTPL 
I 
SUBROUTINE INTPL ~ X ~ I A ~ X l r H p N ~ K ~ Z ~ X S P ~ A L I ~ A L O ~ N S P ~ S L O P E ~ E M ~ R I t R O ~  
DIMENSION X I  LOO)rZ[NSP),XSP(NSP)rSLOPE(NSP) ,EMINSPI 




K = 1. 
I A P N M l  = I A + N - l  
I A P N  = I A + N  
XO = X ( I A P N M L )  
X 2  = X 1 I A P N )  
HAN = HA 
LO = FLOAT~IAPNM1-MXBI ) *CHORD/FLOAT(MXBO-MXBI~  
I F (  1A.EO.MXBO) 20 = CHORD-HA 
H=HA 
IF(SRWoEQ.191 W R I T E I 6 p L 0 1 0 )  I A ~ N ~ H A ~ X l r X Z ~ X O ~ Z O  
I F (  ZO-LT oO-.OR-ZO.GT. I CHORD-. OOl*HA) 1 RETURN 
ZBASE = ZO 
I F ( A B S ( X l - X O ~ ~ G T o ( ~ O O l * H B ~ ~  GO TO 10 
A = 0 .  
C = H  
GO TO 20 
10 A X1-XO 
c = x2-xo 
20 H = A/C*HAN 
I F (  SRWoEQo 191 WRITE(6,1020)  H t  X I  9 x 1  ~ZOIZBASE 
Z I N T  = ZO+H 
CALL BLDCRD (2 ~ X S P I  SLOPE ,EM, NSPIRI p A L I  r RO, ALO,CHORDISTGRI PITCH* 
1 SURF, X I  9 1 9 2  I N 1  ,MXB I r O X O Z )  
I F (  A B S I X I - X 1  ).LE. (HB*.001)) GO TO 40 
I F ( A * I X I - X l ) o L T . O . )  GO TO 30 
HAN = H 
x2  = X I  
GOT0 10 
30 HAN = HAN-H 
xo = X I  
ZO = LO+H 
GO TO 10 
IF(N.EQoO) H HA-H 
I F  ( SR W-EQ- 19 1 
RETURN 
40 H = ZO+H-ZBASE 
WR I TE(6  , 1000 1 H 
L O O 0  FORMAT ( 1Xq22HH AS COMPUTED BY INTPL / (5X15E16.8) )  
1010 FORMAT (LX,QHIA =,14,5X,3HN =.14r5X,4HHA = r E L 4 - 6 ~ 5 X , 4 H X l  =,€14.6r 
1020 FORMAT ( 1X,3HH =,E14,6,5X,4HXI = * € 1 4 . 6 r 5 X ~ 4 H X l  =rE14.6r5X,4HZO = p  
1 4x1 4HX2 =WE 1406*4X* 4HXO - 9  € 1 4 . 6 ~  4Xv4HZO =, E l * - 6  1 




The tangential velocities Vx are computed from Vx = -au/az, which require esti- 
mating derivatives of the stream function along each horizontal mesh line. Information 
about the ends of the line, a s  indicated in figure 12, are calculated by TASVEL, and with 
this information as input, the required derivatives a r e  computed by VELOC by using 
SPLINE for  the actual calculation of the derivatives based on a cubic spline curve. 
















see figure 12 
see figure 12 
mesh point index of second point on line located at vertical mesh line IA2 (see 
fig. 12) 
index of vertical mesh line to right of horizontal mesh line segment (see fig. 12) 
index of vertical mesh line to left of horizontal mesh line segment (see fig. 12) 
index of horizontal mesh line being considered 
code index to indicate which surface mesh line begins on; lower surface is indi- 
cated by KK1 = 1, otherwise KK1 = 0 
code index to indicate which surface mesh line ends on; lower surface is indica- 
ted by KN = 1, otherwise KN = 0 
total number of vertical mesh lines 
number of mesh lines above mesh line AB for first mesh line below E F  (may be 
negative) 
array of indexes of first horizontal mesh lines below boundary EFGH, with index 
of mesh line AB being zero 
array of indexes of first horizontal mesh line above boundary ABCD, with index 
of mesh line AB being zero 
number of unknown mesh points in region 
array of stream-function values at unknown mesh points 
IA1 IAZ (mesh line index) IANMl IAN 
Figure 12. - Notation used in subroutine VELOC. 
ZPL 
The output variables a r e  as follows: 
JL 
array of z-coordinates of vertical mesh lines 




increased by 1 for each time one end of mesh line ends on upper blade surface 
array of tangential velocity components at unknown mesh points 
array of tangential velocity components at each horizontal mesh line along lower 
blade surface 













array of z-coordinates for which WXL is obtained 
array of z-coordinates for which WXU is obtained 
ar ray  used internally by S P m  
index of vertical mesh line at second point from left (see fig. 12) 
index of vertical mesh line at second point from right (see fig. 12) 
mesh point index of point being considered 
number of points on horizontal mesh line segment being considered 
a r ray  of stream-function values at points on horizontal mesh line segment 
a r ray  of velocities obtained by SPLINE for horizontal mesh line segment 
array of z-coordinates of points on horizontal mesh line segment 
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SIBFTC VELOC 
SUBROUTINE V E L O C ( U t Z P L ~ I A l ~ I A N ~ H A l ~ H A N ~ I ~ I B t H X t N X N t N B B 0 t J U t J L ~  
1 KK l r  KN r USP r WXI WXU t ZXU t WXL t ZXLINU r NL t AAA) 
OIHENSION U(NXN) pZPL( 100) W X (  NXN) r W  XU( 100) rZXU( 100) tZXL(1OO)  t 
1 LA(100)tUSP(100)~WXSP(lOO) ~ W X L ~ l O 0 ) ~ N U I 1 0 0 ) r N L ~ l O O l ~ A A A ( l O O )  
C K K l  OR KN = l r  LOWER SURFACE 
C KKL OR KN = Ot UPPER SURFACE 
I 1  = I 
I A 2  = I A l + l  
IANHL = I A N - 1  
ZA( I A 1 )  = ZPL(  I A Z ) - H A 1  
ZA( I A N )  = ZPL(  I A N H l ) + H A N  
NSP = IAN- I A l + l  
00 10 I A = I A 2 t I A N M l  
U S P I I A )  = Ut 1 1 )  
I l = I l + N L (  IA)-NU( I A + L ) + l  
10 Z A I I A I  = Z P L I I A )  
I 1  = NXN+I&NBBO 
USPt I A l ) = O . O  
U S P ( I A N 1  = 0. 
I F (  IA leEQ.1)  USP( 1) = U( 1 B + 1 )  
IF(KK1.NEeO) USP( I A 1 )  -1.0 
IF( IAN.EQoHX 1 USPl  I A N )  = U t  1 1 )  
IF(KN.NEe0) U S P ( I A N 1  = 1. 
CALL SPLINE ( Z A ( I A l ) ~ U S P ( I A L ) r N S P t W X S P ( I A l ) r A A A A )  
I 1  = I 
00 20 I A = I A ~ I I A N H ~  
W X ( I 1 )  = W X S P ( I A I  
20 I 1  = I l + N L ( I A ) - N U ( I A + l ) + l  
C TAKE CARE OF F I R S T  POINT 
I F ( I A l e N E e l )  GO TO 30 
WX( I B + 1 )  = WXSP( IA1)  
GO TO 50 
JU = J U + 1  
WXU(JUI  = W X S P I I A L )  
Z X U ( J U )  = L A ( I A 1 )  
GO TO 50 
U X L ( J L )  = WXSP( IA1)  
L X L ( J L 1  = Z A ( I A 1 )  
30 IF(KKl.NE.0) GO TO 40 
40 JL = JL+1 
C TAKE CARE OF LAST POINT 
50  I F (  IAN.NE.HX1 GO TO 60 
I1 = NXN+I&NBBO 
W X ( I 1 )  = WXSP(IAN1 
RETURN 
JU = J U + 1  
WXU(JU) = WXSP(IAN1 
Z X U ( J U )  = Z A ( I A N )  
RETURN 
70 JL = JL+1 
W X L I J L )  = WXSP(1AN) 
L X L ( J L )  = Z A f I A N )  
RETURN 
EN 0 
60 I F I K N - N E e O )  GO TO 70 
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Subroutine SPLINE 
This subroutine is based on the cubic spline curve. SPLINE solves a tridiagonal ma- 
trix equation given in reference 6 to obtain the coefficients for the piecewise cubic poly- 
nomial function giving the spline f i t  curve. SPLINE is based on the end condition that the 
second derivative at either end point is one-half that at the next spline point. 
The input variables are as follows: 
X array of ordinates 
Y 
N 
The output variables are as follows: 
SLOPE array of first derivatives 
EM array of second derivatives 
array of function values corresponding to X 
number of X and Y values given 
If Q = 13 in COMMON, input and output data for SPLINE are  printed out. This is 
useful in debugging. 
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SIBFTC SPLINE 
SUBROUTINE SPLINE I X ,YsN* SLOPE *EM) 
DIMENSION X ~ N ~ r Y l N ~ r S ~ 1 0 0 ~ ~ A ( 1 O O ~ ~ B ~ l O O ~ ~ C I l O O ~ ~ F I l O O ~ ~ ~ I l O O ~ ~  
1 S B I  1 0 0 ) r G l  l O O ) r E M ( N ) r S L O P E I N )  
COMMON Q 
INTEGER Q 
DO 10 I r 2 r N  
10 S I  I ) = X I  I ) -X( 1-11 
NO=N- 1 
DO 20 I=Z*NO 
A I  I ) = S I  11/60 
B( I ) = I  S I  I I + S I  I+11 1/30 
C (  I ) = S I  I + L  1/60 
20 F( I ) = l Y I  I + l ~ - Y ~ I ~ ~ / S l I ~ l ~ - l Y l I ~ - Y l I - l ~ ~ / S l I 1  
A (  N 1 =- - 5  
B11)=10 
B 1 N ) t l o  
C( l)=-oS 
F l  1 ) = O o  
F l  N )=Oo 
wc 11=8(1) 
S B ( l ) = C I  l ) / W I l )  
G I  1 1 = O o  
DO 30 Iz2.N 
W l I ) = B ( I ) - A ( I ) * S B ( I - l 1  
SB( I ) = C l  I ) / W (  I )  
30 GI  I ) = l F l  I ) -A (  I ) * G I I - l )  ) / W ( I )  
EM1 N 1 =GIN 1 
DO 40 1 ~ 2 . N  
K=N+1- I 
SLOPE( 1) = - S I  2 1 /6 , *  I2.*EM I 1 )+EM1 2 ) ) + I Y 1 2  1 -Y 11 1 1 / s  1 2  
0 0 5 0  1=21N 
I F  I O o E Q o  13) WRITE Ib*lOO) N.1 X ( I  ) * Y l I )  *SLOPE1 I)*EMII) r I = l r N )  
40 E M l K ~ ~ G l K ~ - S B l K ~ * E M l K + l ~  
5 0  SLOPE( 1 ) = S l I ) / 6 ~ * ~ 2 ~ * E H l I  ~ + E M l I - 1 ~ 1 + l Y l I ~ - Y l I - l ~ ~ / S ( I ~  
100 FORMAT 4 2Xl5HNO. OF POINTS =13/10X5HX 15X5HY 15XSHSLOPE15X5H 




Subroutine S PLN22 
This subroutine is the same as SPLINE, except that for the end conditions, the slopes 
are specified. 
The input variables are as follows: 
X array of ordinates 
Y array of function values 
YIP slope at first point 
YNP slope at last point 
N 
The output variables are as follows: 
SCOPE array of first derivatives 




number of X and Y values given 
I 
If Q = 18 in COMMON, input and output data for SPLN22 are printed out. This is 
useful in debugging. / 
I 
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R E T U R N  
100 FORMAT 2X15HNO. OF P O I N T S  = 1 3 / 1 0 X 5 H Z  1 5 X 5 H X  1 O X l O H D E R I V A T  I V  
l E l O X l O H 2 N O  D E R I V o / I Q G 2 O o B ) )  
EN 0 
Subroutine SPLINT 
This subroutine is based on the cubic spline curve, with the same end conditions as 
SPLINE. The cubic spline curve is then used for interpolation. 






The output variable is as follows: 
array of spline point ordinates 
array of function values at spline points 
number of X and Y values given 
array of ordinates at which interpolated function values are desired 
number of Z values given 
Yl"T array of interpolated function values 
If Q = 16 in COMMON, or if some element of the z array falls outside of the inter- 
val for  the x array, then input and output data for SPLINT a re  printed out. This is use- 
ful in debugging. 
t 
SIBFTC SPLINT 
SUBROUTI NE SPL I N T  
DIMENS ION 
I X r Y 9 N t Z r MAX r Y I NT 
X I  50 j r Y  I 50 r S I 5 0 )  @A I 50) R I 50) r C  I 50 1 r F  (SO I r W (  50  1 SB( 5 0 )  * 
LGI  50 1 * EM ( 5 0 )  9 Z (  5 0 )  9 Y I N T (  5 0 )  
COMMON Q 
INTEGER 0 
I 1 1  = Q 
00 10 1 = 2 t N  
10 S (  I ) = X I  I ) - X (  1-11 
NOXN-1 
DO 20 I t 2 t N D  
A( I )=S( I ) / 6 - 0  
B(  I ) = (  S I  I ) + S I  I + 1 )  113- 0 
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L/S ( K 1 + ( Y  ( K  1 /S 1 K )-EM( K 1 *S ( K 1 /6- ) *( Z (  I )-X1 K-1 I 1 + ( Y ( K - 1 )  /S K )-EM( K-1) 
2 *S(K) /6 . ) * (X (K) -L (  1 ) )  
90 CONTINUE 
HXA = HAXOINrHAX) 
I F (  Q-EQ- 16 1 
Q = 111 
WRITEt6r 1010) NIMAXI X ( I  1 9  Y (  I )  r Z (  I )  r Y  INT(  I ) r I - l r M X A )  
1010 FORMAT (2XZLHNO. OF POINTS GIVEN = * 1 3 * 3 0 H r  NO- OF INTERPOLATED P O I  
LNTS = I  I 3 r  /lOXSHX 15X5HY 12XllHX-INTERPOL~9XllHY-INTERPOL~/~4 




S u brout ine SO RTXY 
This subroutine rearranges the NPTS elements of the V array in increasing order. 
The elements of the W array are moved to maintain the original pair relation; that is, i f  
the fifth element of the V array is moved to the first position of V, the fifth element of W 
is moved to the first position of W. 
J I BFTC SORTXY 
SUBROUTINE SORTXY(X*V*NPTS) 
DIMENSION X (  1001  C Y (  100) 
100 N=NPTS 
102 NN=N-1 
104  DO 140 K T = l r N N  
XM IN=X( KT 1 
JAD=KT 
JKL =K T + l  
112 DO 1 2 0  JKzJKLIN 
114 I F  (XMIN-X(JK3) 1 2 0 r 1 2 0 r 1 1 6  
116 XMIN=XIJK)  
1 1 8  JAD=JK 
120  CONTINUE 
1 2 2  YMIN=Y(JAO) 
X(JAD)= X(KT)  
Y IJAD)=  Y ( K T )  
X ( K T ) =  XMIN 
Y I  KT )=YM I N  
1 4 0  CONTINUE 
RETURN 
EN 0 
Lewis Research Center, 
National Aeronautics and Space Administration, 
Cleveland, Ohio, August 23, 1966, 
720-03-01-35-22. 
APPENDIX A 
FIN ITE- DI FFERENCE APPROXIMATION 
An approximate numerical solution for the stream function u can be obtained by 
finite-difference methods. These methods involve first establishing a rectangular grid of 
mesh points in the region as shown in figure 3 (p. 6). Then at each point where the value 
of the stream function is unknown, a finite-difference approximation to equation (1) can be 
2 
Figure 13. - Notation for adjacent mesh points 
and mesh spaces. 
written. Adjacent to the boundary, the boundary condi- 
tions a r e  included. If there are n unknown values, n 
linear equations a re  obtained in n unknowns. The meth- 
od used to solve these equations is point successive over- 
relaxation (SOR). This method is an iterative technique 
that gives rapid convergence to the solution and is com- 
pletely described in reference 9. 
A typical mesh point with the numbering used to in- 
dicate neighboring mesh points is shown in figure 13. 
The value of the stream function u at 0 is denoted by 
uo, and similarly for the neighboring points. It can be 
shown (ref.  9) that equation (1) can be approximated by 
4 
u 0 = C  aiui 
i= 1 
h3 + h4 a. = 
h3 + h4 a2 = 
anho 
U Y  
h l  + h2 a, = 




a. = (h3 + h4) -+  - + (h + h2) - + - (; 3 (is 3 c 
This equation can be used at all interior mesh points. 
Along the boundary where the value of u is unknown, the equation will vary. For ex- 
ample, along the upstream boundary, au/aq is known, and a finite-difference approxima- 
tion to ( a ~ / a q ) ~ ,  in equation (3) gives 
tan Oin 
uO = u 4  h4(e)in = u 4  h4( ) 
Similarly, along the downstream boundary, 
tan *out 
UO = u 3  + h3(E)0ut = u 3  - h3( ) 
For the points along AB and CD, equations can be derived by using the periodic 
boundary condition. If the point 0 (fig. 14) is on the boundary between A and B, the point 1 
is outside the boundary. However, it is known that u1 = ul,s - 1, where the point 1, s is 
a distance s above point 1 in the x-direction, as shown in figure 14. Substituting this 
condition in equation (Al) gives 
uo = a1u1, s +5 aiui - al (A 4) 
i=2 
H 1. 5 7  G 
/ 
u1 = q 5  - 
Figure 14. - Mesh point on line AB 
where the ai are the same as defined in equa- 
tion (Al). Of course, equation (A4) holds 
along CD also. 
The points along GH need not be consid- 
ered, since they are just 1 greater than the 
corresponding point along AB. The equation 
f o r  the first mesh line below HG must be 
modified. In this case u2 = u2, -s + 1, where 
the point 2,  -s is a distance s below point 2 
in the negative x-direction, as indicated in 
figure 15. Substituting this condition in equa- 
tion (Al) , gives 
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H 
Figure 15. - Mesh point on first line below HG. 
Equation (A5) also applies to 
line below FE. 
a4u4 + a2 (A51 
the first mesh 
One of equations (Al) to (A5) can be ap- 
plied to each mesh point for which the stream 
function is unknown in the region of interest, 
giving the same number of linear equations as 
there are unknowns. These points where the 
stream function is unknown will be referred to 
simply as unknown mesh points. 
in  matrix form as  
This system of n equations is represented 
AU = k - -  
where u -= (ul, . . . , u d T  is a vector whose components a re  the unknown values of the 
stream function, A is the coefficient matrix of equations (Al) to (A5), and 
5 = (kl, . . . , kn)T is the vector whose components a re  the known constants of equations 
(Al) to (A5). Since the coefficient matrix A is irreducibly diagonally dominant, there is 
a unique solution (ref. 9). 
A numerical solution for equation (A6) can be obtained by iterative techniques. These 
techniques a re  particularly valuable in solving systems of linear equations of this type, 
that is, where there a re  a large number of unknowns, but few terms in each equation. 
Storage requirements a re  small, and the roundoff e r ror  is minimized. In order to obtain 
a high rate of convergence, successive overrelaxation (SOR) is used in the program. The 
equation is given by 
where w is the overrelaxation factor. The a. a r e  the elements of the matrix A, and 
the ki are the components of the vector k - of equation (A6). The up a re  the initial es- 
timates of the ui. It can be shown (ref. 9) that equation (A7) will always converge to the 
solution u of equation (A6) for any initial guess uo - if 0 < w < 2. The point is, how- 
ever, that much more rapid convergence can be obtained for certain values of w > 1.  In 
fact there exists an optimum value for w that can be estimated (ref. 9). A method of es- 




THEORETICAL ESTIMATION OF OPTIMUM OVERRELAXATION FACTOR 
The optimum value of w (ref. 9) is given by 
2 w =  
I 
L 
1 +dl - p2(B) 
where p(B) is the spectral  radius of the matrix B = A - I. In reference 5 it is shown 
that p (B) = p(L1), where Lw is the coefficient matrix for equation (A7), and L1 is the 
matrix when o = 1. Thus, the problem is essentially to estimate p(L1). The simplest 
method is the power method. Reference 9 shows that p(L1) is a simple eigenvalue, and 




where ui mtl is calculated from u p  by equation (A7) with w = 1 and k - -  = 0, and uo - is 
an arbitrary vector with positive components. Thus, it would appear that the iteration 
merely has to be performed until the upper and lower l imits are sufficiently close. How- 
ever, the practical convergence of this method can become extremely slow. What actu- 
ally happens is that the upper bound converges to a constant value fairly quickly, and that 
the lower value also converges reasonably to  a constant value. However, the values are 
different. In some cases  another 500 iterations were made with no further change in 
either of the two bounds in the seventh decimal place. 
gence in the region between the blades, and much slower convergence in  the regions up- 
s t ream and downstream of the blades, because of the difference in  the type of boundary 
conditions. Convergence is much more  rapid where the boundary value is specified 
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Further experimentation revealed the source  of the difficulty. There is rapid conver- 
(Birichlet boundary conditions) than where there is a normal derivative specified (Neumann 
boundary condition) or  where there is a periodic boundary condition. Thus it is almost as 
if there were two separate regions so that a large change in the upstream flow angle would 
have a negligible effect on the downstream solution. In estimating p(L1), a spectral ra- 
dius for the upstream and downstream regions is estimated almost as if the regions were 
not connected, Eventually the procedure would converge, but it would take an extremely 
long time for information to be transmitted between the upstream and downstream regions. 
In order to test this hypothesis, a special case was run on the computer with only 
65 mesh points. The results are shown in figure 16. The upper and lower limits both 
converged to constant values within only 20 iterations. Both values remained essentially 
constant for the next 300 iterations! Then, finally, the lower limit started to increase, 
and after another 300 iterations had come close to the upper limit. The point now is that 
the upper limit remained unchanged after 20 iterations and is p(L1). Thus, an accurate 
value of p(L1) was determined after only 20 iterations for this simple case with 65 mesh 
points. The principle applies to other cases. When the upper limit is observed to be- 
come essentially constant, it can be assumed to be p(L1). 
cases it has not been extremely critical to use exactly the theoretically optimum value of 
w, although the most rapid convergence was obtained fairly close to the theoretical value. 
I 
I 







._ * m 
- 
Number of iterations 
Figure 16. - Bounds for optimum value of overrelaxation factor for special case with 65 mesh points. 
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Furthermore, even though the upper limit in equation (B3) does converge to the spectral* 
radius p(L1) at a reasonable rate, a considerable amount of computation is still required, 
and the calculation is comparable to the computation of the solution of equation (A6). 
Therefore, it is not desirable to compute the spectral radius for every case. Actually, 
the value of the spectral radius depends primarily on the maximum of the number of un- 
knowns i n  the upstream region o r  in the downstream region and secondarily on the shape 
of the region. Thus, the optimum value of o can be estimated based on calculations for  
other similar regions. 
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